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FOLIATIONS BY STABLE SPHERES WITH CONSTANT
MEAN CURVATURE FOR ISOLATED SYSTEMS WITH
GENERAL ASYMPTOTICS

LAN-HSUAN HUANG

ABSTRACT. We prove the existence and the uniqueness of a foliation by
surfaces with constant mean curvature for asymptotically flat manifolds
satisfying the Regge-Teitelboim condition at infinity. It is known that
the center of mass is well-defined for manifolds satisfying this condition.
We also show that the foliation is asymptotically concentric, and its
geometric center is equal to the center of mass. The construction of the
foliation generalizes the results of Huisken-Yau, Ye, and Metzger, where
spherically asymptotically flat manifolds and their small perturbations
were studied.

1. INTRODUCTION

Whether a foliation of constant mean curvature surfaces uniquely exists
in an exterior region of an asymptotically flat manifold is a fundamental
problem in general relativity. The significance of this problem is that the
foliation provides an intrinsic geometric structure near infinity, supplies a
definition of the center of mass in the setting of general relativity, and has
a relation to the Hawking mass.

Currently, a widely-used definition of asymptotic flatness is expressed in
terms of coordinates outside a compact set in the manifold and requires a
suitable decay rate on the metric. The definition is convenient for calculation
purposes, but it is unnatural and obscures interesting geometry and physics
[Ya82, p.697]. In order to understand the canonical structure of asymptoti-
cally flat manifolds, Yau suggests that a constant mean curvature foliation
is a promising description of asymptotic flatness'. Moreover, once the foli-
ation exists and is unique, one can develop polar coordinates analogous to
the polar coordinates in Euclidean space, and then a canonical concept of
center of mass can been defined. On the other hand, the Hawking mass is
a quantity introduced to capture the energy content of the region bounded
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1



2 LAN-HSUAN HUANG

by a two surface N which is defined as follows:

my(N) = (‘121;3 <167r— /N H? da>.

Christodoulou and Yau [CY86] have proven that the Hawking mass is non-
negative on a stable surface with constant mean curvature, and Bray [Br01]
has shown that the Hawking mass is monotonically increasing along this
foliation and converges to the ADM mass.

For the existence and the uniqueness of such a foliation, some results
have been achieved for spherically asymptotically flat manifolds which are
asymptotically flat manifolds with metrics of the form

2m
9ij(z) = <1 + \33|> dij + Pij»

pij(a) = O(|z|7%),0%pij() = O(lz|7*71°). (1.1

Huisken and Yau [HY96] proved the existence of the foliation assuming the
metric is spherically asymptotically flat and showed the foliation is unique if
each leaf is stable and lies outside a suitable compact set. Using the unique
foliation, they defined the center of mass. Ye [Ye96] used a different approach
and proved the existence of the foliation under the same assumption that the
metric be spherically asymptotically flat, and the uniqueness of the foliation
under slightly different conditions. A more general uniqueness result was
proven by Qing and Tian [QT07]. Metzger [M07] generalized the previous
results to manifolds whose metrics are small perturbations of spherically
asymptotically flat metrics?>. However, these results have been limited to
asymptotically flat manifolds with special restrictions on the |x|~!-term of
the metrics. Especially, requiring manifolds to satisfy (1.1) corresponds to
an artificial choice of the time-slice in the space-time. Furthermore, another
notion of the center of mass is defined for asymptotically flat manifolds
satisfying the Regge-Teitelboim condition, so it is desirable to generalize
the previous results to this setting.

In this paper, we show that the foliation indeed exists in the exterior
region of an asymptotically flat manifold satisfying the Regge-Teitelboim
condition when the ADM mass is nonzero, and the foliation is unique un-
der certain assumptions. Most importantly, we not only remove the strong
condition on the |z|~!-term of metrics, but also allow metrics to have more
general decay rates. To clearly state the results, we first provide some defi-
nitions.

A three-manifold M with a Riemannian metric g and a two-tensor K is
called a vacuum initial data set (M, g, K) if g and K satisfy the constraint

2Metzger considered a different foliation {X} which is the constant 6 foliation where
the expansion § = H + P, H is the mean curvature of ¥, and P = tr* K. This foliation
particularizes to the constant mean curvature foliation if one let K = 0.
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equations
Ry — K] + (try(K))* =0,
divy(K) — d(try(K)) =0, (1.2)

where Ry is the scalar curvature of M, and try(K) = g K;;. We use the
Einstein summation convention and sum over repeated indices.

Definition 1.1. Let g € (1/2,1]. We say (M, g, K) is asymptotically flat
(AF) if it is a vacuum initial data set, and there exist coordinates {x} outside
a compact set, say Br,, in M such that

9i(x) = 0ij + hij(x), hiy = O(|x|™9)  Kyj(x) = O(|z[779)
gijw(z) = Oz 7% Kiyjr(e) = O(|z[7279)
gijr(x) = O(z[7>79)  Kyju(z) = O(lz|~*79),
and similarly on higher derivatives.

For AF manifolds, the ADM mass m is defined by

1672520 /| _ Z 9iji — Giig)Vy dog, (1.3)
where {|z| = r} is the Euclidean sphere, Vg is the unit outward normal

vector field with respect to the metric g, and doy is the volume form of the
induced metric from (M, g, K). Bartnik [B86] proves that the ADM mass is
well-defined when the decay rate ¢ is greater than 1/2. Another equivalent
definition of ADM mass is

1 1 L

167 r—oo

Definition 1.2. We say (M, g, K) is asymptotically flat satisfying the Regge-
Teitelboim condition (AF-RT) if (M,g,K) is AF, and g, K satisfy these
asymptotically even/odd conditions

g l@) = O(le| ™79 K(x) = O(ja]*79)
(95) (@) = O(2[777)  (K") (2) = O(J| 779,

and on higher derivatives, where f°%(z) = f(z) — f(—x) and fe"(z) =
f(z)+ f(—x), [RT]. Notice that f°% and fe*" are only defined outside Br,
in which the coordinates are defined.

For (M, g, K) satisfying AF-RT, the center of mass C is defined by

1 .
c* = li Ao — g Ndd
16mm rinolo </x|7~x (g’“ g“’J)Vg 99

_/| (hiayg - hiil/ga) dag> . (15)
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It is noted that another notion of center of mass analogous to (1.4) using the
three dimensional Einstein tensor and a Euclidean conformal Killing vector
field has been studied and proven to be equivalent to C in [H08]. For the
purpose of this paper, we only consider the above definition.

Our main theorems in this paper are the following:

Theorem 1. If (M, g, K) is AF-RT with q € (1/2,1], there ezists a foliation
by surfaces {X R} with constant mean curvature H(Xg) = (2/R)+O(R™179)
in the exterior region of M. Each leaf Y g is a coR'~9-graph over Sr(C) and
1s strictly stable.

The definition of strictly stable and stable are referred to Definition 3.4.
Also, throughout this article, ¢ and ¢; are constants independent of R. For
one single surface N, we have the following uniqueness result where the
minimal radius is denoted by r(N) = min{|z| : z € N}.

Theorem 2. Assume (M,g,K) is AF-RT with q € (1/2,1]. There exists
o1 so that if N has the following properties:

(1) N is topologically a sphere

(2) N has constant mean curvature H = H(Xg) where R > o1

(8) N is stable

(4) r> H™“ for some a satisfying (9 —q)/(8 +4q) <a <1
then N = X for some R.

In Theorem 2, we do not assume that N is a leaf of some foliation. Thus,
in the region M\ By-«(0), X is the only stable surface with constant mean
curvature H (X g). In particular, {¥p} is the only foliation by stable surfaces
with constant mean curvature so that each leaf with mean curvature H lies
inside M \ Bp-.(0). It is noted that when the decay rate ¢ = 1, a > 2/3
which is exactly the restriction imposed in [MO7], but the size of By-a(0)
increases as ¢ approaches to 1/2. If we replace the condition on r(N) by
the condition that the maximal radius 7(N) = max{|z| : z € N} and r(N)
are comparable, we derive a uniqueness result which holds outside a fixed
compact set.

Theorem 3. Assume (M, g, K) is AF-RT with q € (1/2,1]. There exist co
and o9 so that if N has the following properties:

(1) N is topologically a sphere

(2) N has constant mean curvature H = H(XR) where R > o9

(3) N is stable

(4) 7 < Cg(f)i for some a satisfying (9 —q)/(8+4q) <a <1
then N = X for some R.

The article is organized as follows. In Section 2, an important identity
relating the mean curvature to the center of mass (2.2) is derived. In Section
3, we prove the existence of the foliation (Theorem 3.1 and Theorem 3.7)
and show its geometric center is equal to the center of mass (Corollary 3.3).
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In Section 4, Theorem 2 and Theorem 3 are proven after certain a priori
estimates are established.

2. ESTIMATES ON SURFACES CLOSE TO Sg(p)

The following three lemmas are computational results. Recall that h;; =
gij — 05 in Definition 1.1. The first lemma indicates an important identity
relating the mean curvature to the center of mass C. We obtain some es-
timates for Euclidean spheres Sg(p) = {y : E?:l(yi —p")? = R?} in the
second lemma and the analogous estimates for surfaces close to Sg(p) in the
third lemma.

Lemma 2.1. Let Hg be the mean curvature of Sr(p) and do. be the volume
form of the standard sphere metric. Then

2 1 ©_ i\ (o — I\ (k — pk
(i) Hs= R+2hij7k(y_p)(y )y Rsp’)(y ")
i i\ (od i
+2hij(y_p)(y p;g(éy pj)—hij,i(y—p)y Rpf
1 s o
+§hz‘i,j(y—p)y Rp] — }gy) +O(R™29). (2.1)

(ii) Fora=1,2,3,

2
/ (y* —p%) <Hs — > do. = 8mmp® — 8mmC* + O(R™9). (2.2)
Sr(p) R

Proof. Because a similar computation for spherically asymptotically flat
manifolds could be found in [HO8, Section 6], and the basic idea is exactly
the same, we include only the sketch of the proof here.

Let v4 denote the outward unit normal vector field on Sg(p) with respect
to the induced metric from g. Computing directly, we have

 Vy-» _ 1, (v —p)y' —p")\ ¢ —p O

vy = et = (14 Shy ; —

Vly —pll, 2 ly — pl ly — p| Oy
y*—p* o

—ht— L O(RT1T9). 2.3
"y —p| oy ( ) 23)

The mean curvature Hg of Sg(p) is then equal to divyvg, and a straightfor-
ward calculation gives us the identity (2.1).

For the second identity, we denote fi(y) = Hg — 2/R. First we notice
that the left hand side of (2.2) converges because AF-RT implies that the
leading order term of fi(y) is even and vanishes after integrated with the
odd function y* — p®. Then we only need to analyze the second order term
of fi(y) which is exactly the case considered in [HO8, Lemma 6.1]. By the
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divergence theorem and a density theorem proved in that article, we derive

L/ (yaglﬂ)}h @i—Jnyj—zﬂﬂyk—i*)m%
Sr(p)

5 ij,k(y) R3
1

P
1

a o 1 i b
+/ hiiy P dUe—i-/ hmudde.
2 Jspm) 1y —Dl 2 Jspp) |y =Dl

Therefore,

)
(y“-—pa)<fﬁ;—> doe
/SR(P) R

1

)

1 a/ yj _pj
=0 [ (guii g Lo
9 (o) 17,0 i1,] |y — p| e

y —p Yy —p
=5 (ya - pa)(hi i hii, )7 doe — / (hia — hy;
2<Lﬂm ’ "y = pl Sa) \ 1y =Pl |y — pl

yl —pl (y' — ")y —p)
5 [t e -2 [y do
24mm Mgy =y 4o smm( A ‘

ya_pa

1 J_pi il a _ pa
-3 / y*(9iji — gii,j)u doe — / (hmy P _ hiiy P
2 \Jsr() ly — pl Sr(p) ly — pl ly — pl

= 8mmp* — 8mmC* + O(R™9),

where we have used the definitions of the ADM mass (1.3) and the center

of mass (1.5) in the last equality.

g

In the following lemmas, ¢ denotes a constant independent of R, and
for any functions f on Sg(p), we define f°%(y) = f(y) — f(—y + 2p) and
ferer(y) = f(y) + f(—y + 2p), where y and —y + 2p are antipodal points
on Sg(p). Also, we denote f* to be the pullback of f defined by f*(z) =

f(Rx +p), and f* is a function on S;(0).

Lemma 2.2. Let Ag be the second fundamental form on (Sr(p), gls) where
gls is the induced metric on Sg(p) from g, Ag be the Laplacian on (Sgr(p), gls).
Let AS be the Laplacian on (Sr(p), ge|s) where ge is the Euclidean metric

on M, and g|s is the induced metric on Sr(p) from g.. Then

2
(i) |Ag]*= +E;  where |Ey| < cR™*77 and |E?Y| < cR7374.

= 5
(1) For any f € C*“(Sg(p)),
Asf = A%Lf + By where |Ez| < cR™27 f*]|c2.a

and |B§") < ¢ (R779) oo+ R27(F) ) o2 )

(iii) RicM(vy,vy) = E3  where |E3| < cR™*7 and |E$™| < cR7374.

)+

o)
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Proof. Let {u1,u2} be local coordinates on an open set of y € Sg(p). The
second fundamental form Ag is locally equal to

0
(As)ij = —g <Vaii(%ja’/g> :
First, notice that in the proofs of this and the next lemmas, we temporarily
denote gqup = g (€q,€p) for a,b € {1,2,3} where ¢, = % ifa=1¢€{1,2}
and e, = v,y if a = 3 (instead of the original meaning in Definition 1.1).
Therefore, the above identity becomes
(As)ij = —T%; (2.4)

because v is a unit normal vector field. Also, because g is AF, g(y) = ge+h
and h = O(Jy|~%). Around y, we have

1
ry = 5 (933 + 9530 = 9ij3) = (Te)3; + 0] (2.5)

where we denote the difference of Ffj and (T e)?j symbolically by |0h|. It
means that the difference of Fg’j and (Pe)?j can be bounded by some con-
stant (depending only on g) multiplying Oh and has the same asymptoti-
cally even/odd behavior as 0h, where Oh denotes the derivatives either in
the tangential or in the normal directions. Notice that the derivatives in
the tangential and normal directions do not change the asymptotic evenness
of h, but only add one more decay rate. For example, h = O(]y|~9) and
hodd = O(Jy|=1=%). Then 0h = O(|y|~'79) and Oh is still asymptotically
even at the decay rate (0h)° = O(|y|=2~%). In the following arguments,
we will use similar notations to bound lower order terms for simplicity.
We substitute (2.5) back to (2.4) and derive

(As)ij = (Ae)ij + |Ohl.

Therefore, if the principal curvature of (Sr(p),gls) and the principal cur-
vature of (Sgr(p), ge|s) are denoted by (Ag); and \¢; respectively, the above
identity says:

1
(As)i = X + [0h] = 7 +|0h. (2.6)

Then

2 1
[As|* = (As)T + (As)3 = w2 T plohl+ |Oh|?.
We could conclude (i) by analyzing the error terms on the right hand side
and by using the AF-RT condition.

Using g = ge + h, the Laplacian in the local coordinates is

0 0
Asf = \/g_lﬁui (ﬁgwé?ujf>

= ASS+ (Inllogllof] + |hllo? £ + [0n]|0f]) - (2.7)
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By the definition of f*, |0f(y)| = R71|0f*(x)| and |6?f(y)| = R72|0%f* ()|,
and then (ii) follows.

For (iii), notice that |Ric™ (v,,v,)| = |D?g|, where Dg denotes the usual
derivatives of ¢ in {8%1-} directions as in Definition 1.1. Therefore, |D%g| =
O (1 7279) and |(D*)*%] = |D? (¢°)| = O(1y|*-9). 0

In the previous lemma, we have shown that some quantities on (Sgr(p), g/s)
are close to those on (Sg(p), ge|s) by using the AF-RT condition. In the fol-
lowing lemma, we will generalize the above results and prove that similar
estimates also hold for surfaces which are cR!~9-graphs over Sg(p) for some
constant ¢ (recall ¢ € (1/2,1], the decay rate of the AF metrics).

Lemma 2.3. Let N be a graph over Sr(p) defined by
N={z=y+vv:veC? (Srp)}.

Assume |[V*||c2.a(s,(0)) < R and H(zp*)"ddHCz,a(Sl(O)) < cR™4. Let pg be
the outward unit normal vector field on N, Ayx be the second fundamental

form, and Ay be the Laplacian on (N, g|n). Then
2
(i) |An|? = i + B where |E}| < ¢R™%% and |(E})*¥) < cR73749.
(i) For any f € C**(N), we let f(y) = f(P(y)), ¥(y) =y + vy,
and f* = (f)*, the pull-back function defined on Sy(0). Then
(ANS)(P(y)) = ASf(y) + By where | B3| < cR™*7|f*[| 2o
and |(B5)*™| < ¢ (R7272)|f* g + R™27(F) g )
(it7)  (Ric" (ng, ug)) (¥(y)) = Ej
where |ES| < ¢cR™279 and |(E4)°%) < ¢cR™374.

Proof. Similarly as in the proof of Lemma 2.2, let {uy,us} be local coordi-
nates on an open set U of y € Sr(p). Moreover, without loss of generality,
we assume {8%1, P vg} are orthonormal at y with respect to the metric g.
Let {v1,v2} be the corresponding local coordinates on V' = ¥(U) C N and
ftg be the outward unit normal vector field on N with respect to g. Because
M is AF, up to lower order terms, we have

9 9 Lo
8Ui - 8'“@ (AS)1]¢ 8UZ Vg (28)
pg =vg + v Hgrg — Z (2.9)

Guz 6ul

where we parallel transport {6%1, 8%2, I/g} to z = y + 9, along the unique
geodesic connecting y and z. In this proof we denote
Jab = 9(€q, €p) where e, = 8— ifa=1ie€{1,2} and é3 = p,

Gab = 9(€asep) where e, = a— ifa=1¢e{1,2} and e3 = v,.
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where gq, is defined the same as in the proof of the previous lemma. By
(2.8) and (2.9), we have for i € {1,2},a,b € {1,2,3}

Gia = Gia + |¢HASHQ| + ‘ang‘

Giap = Giap T |0V[|As|gl + V1|0 As]g] + [¢[|Al|Og]

+*P|lg| + |0v[*|0g]. (2.10)
To prove (i), notice that

) _
(AN)U =9 (V o —— Ng) = _F?j

v, 81)] ’

and

- 1
F?j = 3 (9i3,j + 953,i — 9ij,3)
= T3+ [0v]|Aslgl + [©[10As|lg] + ||| As||0g] + [0°¢]]g] + [0v]*|dg]

Therefore, by (2.6) and the previous two identities,

1
[An[* = [Asl* + % (1001 4sllgl + [¥1104sllg] + 11| All0g] + |0°]lg] + 100 [*|9g])

where the terms with the weakest decay rate of the error terms are, for
instance,

1 —9_
Sl0Plg] = O(R~71).

Similarly, we could compute (E})°% and use Lemma 2.2(i) to conclude (i).
For (ii), the Laplacian in local coordinates is

ASG) = Vg (Va1 )

0 0
- Vi <\/§g”aujf(z)> T 10vl|Asligllaf]

+ell0As|gl|of| + [0l Asllgllogl1of| + 011 Aslgl1&? 1

and then
ANV () = Asfly) + 0wl Asligllof] )
+ll0As|lgl97] + [¢11Asllgllogllof] + [l Asllgl|o ]|

where the terms with the weakest decay rate of the error terms are, for
instance,

10914511910 ()] < R~ 0wl |Asllgllof* (x)] < CR™>| f* gz

Then, (ii) follows from Lemma 2.2(ii) and similar estimates on (F4)°%.
Using Lemma 2.2(iii) and the identity

Ric" (ng, 11g)(2) = Ric" (vg, vg) + |D?g|[$]|As| + [Dgl|0v],

we can conclude (iii).
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3. EXISTENCE OF THE FOLIATION

In this section, we will use the implicit function theorem as in [Ye96] and
prove the existence of the foliation by constant mean curvature surfaces,
assuming the ADM mass m # 0. From our construction, each leaf of the
foliation is close to some Euclidean sphere centered at p. We will also show
that p converges to the center of mass C.

Through this section, we assume (M, g) is AF-RT with ¢ € (1/2,1], and
c and ¢; denote constants independent of R. The first theorem states the
existence of a surface with some given constant mean curvature.

Theorem 3.1 (Existence of the CMC surfaces). There exist constants og
and co so that, for all R > oo, there is g with constant mean curva-
ture 2/R + O(R™'179), and Lg is a coR'~9-graph over Sg(C), i.e. Yr =
[y+ vy y € Sr(C)} with [ [lcze < coRT,

Proof. Because the mean curvature of Sg(p) is equal to some constant up
to O(R™179)-terms (see (2.1)), we would like to construct Yz by perturbing
Sr(p) in the normal direction. However, contrast to the case in which (M, g)
is spherically asymptotically flat, the mean curvature of Sg(p) is not close
to some constant enough to apply the implicit function theorem. Therefore,
we will first construct the unique approximating spheres S(p, R) associated
to Sr(p) whose mean curvature is close to some constant up to O(R~1729)-
terms. Then, the implicit function theorem on S(p, R) can be used to find
> when the center p is correctly chosen.

Step 1. Constructing S(p, R):

Define Ly = —Ag — 2 to be the Euclidean second variation operator on
S1(0), where Ag is the Laplacian with respect to the standard spherical
metric on S1(0). It is known that Lo has the kernel spanned by {z!, 2% 23}
where x is the position vector, because the mean curvature is preserved by
translations in the Euclidean space. Also notice that the L?-complement
(RaurlgeLo)L = span{z!, 22,23} by the self-adjointness of Lg. Recall that
fily) = Hs — (2/R) as in Lemma 2.1. Let fa(y — p) be the leading order
term of fi(y) defined by

(' — ) (7 — ) (" — pY)

foly — 1) =hiznly — )

2 R3
' =) —p) y —p
+ 2hij(y — p) 73 ~ hijily =)=
1 ¥ —p hily —p)
,hii . _ _
+ S hiig(y —p) 7 7

and then fi(y) — fo(y —p) = O(R™279). For any ¢ € C*%(Sg(p)), we
consider the equation,

Ao o= oly—p) - 2D g, (3.1)
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where fo = (4nR?)~! fSR(p) f2(y — p)doe, and A - (y — p)R™379 is the cor-
rection term such that the right hand side of (3.1) is in the range. More
explicitly, A = (A', A2, A3) and, for a = 1,2, 3,

3

A= 2R [l p)do (32
Q Sr(p)

Notice that A% = O(1). Then there exists a unique solution ¢g € Ker.
In order to obtain a scale-free (in R) estimate of ¢, we scale and translate
y € Sr(p) to x € S1(0) by y = Rx + p and have

. . Az -
Lo¢* = R? (fz (z) - Ria f2> :
where f5(x) = fa(Rx). By the Holder estimate, because ¢f € (KerLo)™
B Az
R? <f2 (z) — R4 f2>

for some ¢y depending only on g and Dg. Moreover, (¢§)°% satisfies the
following equation

< D pl-a (3.3)

[¢6llcao < <
CO,a

2A - x
R1
Therefore, because (¢5)°% € (KerLo)™, by the Holder estimate and the fact
that fJ is asymptotically even, we have (by choosing ¢q larger if necessary)
2A -z
R4

Lo(65)"™ = RE(f5)"" -

1(65) " |2 < ]| R2(f3) ~

Then we define

< cR7Y. (3.4)
C0,x

S(p, R) = {y + dovy}
where ¢o(y) = ¢f ((y — p)/R). In particular, S(p, R) is a graph over Sgr(p)
with [|¢§]|c2e < 2 1cgRY™ and [|(¢5)°% < cgR™? which satisfies the condi-
tions for N in Lemma 2.3.

Remark. The constant fy in (3.1) is not necessary in this argument. How-
ever, the solution ¢ to (3.1) has zero mean value because of the presence
of f, and then the geometric radius S(p, R) is precisely R. In the case
of spherically asymptotically flat manifolds, the right hand side of (3.1) is
zero, and the only solution in the complement of the kernel is ¢ = 0. Then

Step 2. Calculating the mean curvature of S(p, R):

Denoting Hg(¢g) the mean curvature of S(p, R), we use Taylor’s theorem
for mappings between two Banach spaces (cf. [MRA]) and have

1
Hs(¢0) = Hs(0) + dHs(0)do + /0 (dHs (s¢o) — dHs(0)) dods
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where dHg is the first Fréchet derivative in the ¢g-component, and dHg(0)
is the linearized mean curvature operator on Sgr(p) defined by

dHs(0) = Ag + |As|*> + RicM (v, ),

where Ag, Ag, and RicM (vg,vq) are defined as in Lemma 2.2. The integral
term above can be bounded by sup,¢(o ) ‘d2H 5(3(;50)(1)0(#0‘ by the mean value

inequality, and
2

d*Hg(s¢o)podo = gﬁﬂs(tcbo)
t=s

The left hand side is the second Fréchet derivative and the right hand
side is the second derivative of the mean curvature of the surface Ny =
{y+ soovg : y € Sr(p)}. For R large, the unit outward normal vector field
on Nj is close to vy, and a straightforward calculation gives us

82
—Hg(t
‘ BY? s(t¢o)

IN

(IRl [ 4, |90 + | An, | I60l|0%0] + | An, | 60[?)

cR73|| 6512220 (3.5)

Noticing that Hg(0) is the mean curvature of Sgr(p), by (2.1) in Lemma 2.1
and (3.1), we have

Hs(do) = = + fuly) + Dsén + (|Asl? + Ric (v5,1)) o

IN

1
+/ (dHS (8(250) — st(O)) ¢o ds
0

N N I AR N et LN CY

where

2 .
B = (s = 85)00 + (1Asf = 5 + Ric () )

+ /01 (dHg (s¢o) — dHg(0)) ¢o ds.
By Lemma 2.2 and (3.5), the error term Ej is bounded by
Bil < (R dflon + R 65)200) < R
(B)™¥) < e (R_3_q|\¢8||c2,a + R (05)° | 2

R GG e + B e B0l )
. (3.7)

IN

In the last inequalities, we have used (3.3) and (3.4). Therefore, we derive
Hs(¢o) = (2/R) + f2 + O(R™'7%9).

Step 3. Constructing the CMC surfaces:
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We will construct a surface ¥ g with constant mean curvature by using
the normal perturbations of S(p, R). In the following, we suppress the index
R of X when it is clear from context. We denote the mean curvature of
the normal graph ¢ over S(p, R) by Hs(p, R,%). By Taylor’s theorem, for
any ¢ € C**(S(p, R)) with [|1)*[|c2.« < ¢ and a parameter A which is for
the moment arbitrary (we choose A to be a negative power in R below),

HS(pa Ra A¢) = HS(pv Ra 0) + AS)\I,Z) + (|AS|2 + RZ’CM(#Q»MQ)) )‘w

1
+ /0 (dHs(p, R, s(M))) — dHg(p, R,0)) M) ds (3.8)

where Ags, As, and 4 are defined as in Lemma 2.3 where N = S(p, R),

and ¢ and ¥* are denoted correspondingly. By (3.6) and (3.8) (notice that
Hgs(¢o) = Hs(p, R,0) = mean curvature of S(p, R)), solving

Hs(p, R, \p) = % + fo (3.9)

is equivalent to solving 1) to the following equation:

A (y—
0 = fl(y)_fQ(y_p)+M+E4+AS)\¢+(|AS|2+RicM(Ngaﬂg)) A

1
+/0 (dHs(p, R, s(A)) — dHs(p, R,0)) A\ ds.

A (y— - -
= AW - hly -+ YD L p AR - B (310)

where
Es(y) = MAsy)o¥(y) — AAG)

(AP0 5+ Rie (g ) ) 30

+ ' (dHs(p, R, s(\) — dHs(p. B, 0) M ds
and ¥(y) = y + ¢ovy. Using Lemma 2.3 and (3.5), we have
Bs| < c(ARTZ[y" 2o + N R™%[9%||3e.0)
(Bs)™™) < ¢ (AR220)g" |l ga + AR (%))

C2,o¢
FNRTTI B+ R0 e | (6)]
We pull back (3.10) on S;1(0),

C2,a) :

Az

Loy* = A1 R? <f1*(g;) — f5(x) + RZr + Ej + Eg) )

where fi(z) = fi(Rx + p) and Ej}, E} are denoted similarly, but fi(z) =
fo(Rx 4+ p —p) = fa(Rx). We choose

A= R “for afixed a € (1 —q,q). (3.11)
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This interval is non-empty because g > 1/2. Then the above identity be-
comes

Lo = R <f1*(x) @)+

In order to find a solution ¥* to the above equation, a necessary condition
is that F'(p, R,v*) lies inside RangeLy. Using m # 0, we will show this can
be achieved by correctly choosing p = p(R,v¢*). First, by the definition of
A in (3.2), we have

Az

Forg T Ei E5> = F(p,R,v") (3.12)

Az

¥ fi(z) = f5(x) + +E*—|—E*> doe
/51(0) (Fi(0) = )+ G + B + 55

_/ xo‘ff(ac)dae—i—/ 2 (B + B2 do.
51(0) 51(0)

- / VP ()R 2 do, + / 2 (B} + EY) do,
sep) B $1(0)

Using (2.2) in Lemma 2.1, the first integral is equal to

/ YV f(y)R? doe = 8m (p* — C*) R + O(R™*79).
Sr(p) R

To deal with the error term EJ, by the asymptotically even/odd properties
of E} and (3.7),

/ 2“E} do,| < / z(E})°% do,
51(0) S1(0)N{z>>0}
< / (y - p ) (E4)oddR72 dO’e
Sr(P){y*—p>>0} R
< e sup [(Ba)™| < e
Sr(p)
and similarly,
/ x*Ef doe| < ¢ sup Egdd)
51(0) Sr(p)

< RTPTI(J[W |z + [97]1220) - (3.13)

Therefore, because m # 0, we can choose

p(R,%*) = C + Eg, (3.14)
with
Bl < o(reo R (] + s )
< R (149 llezo + 1197 120)

for some € > 0 because a € (1 — ¢,q). Then F(p(R,v*), R,v*) € RangeLg
for any R large and ¢* € C%%(51(0)).
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Remark. The lower bound a > 1 — ¢ is used in estimating Fg so that Fjs
has the stronger decay rate than the term p — C in F(p, R, ). The upper
bound a < ¢ is used so that F(p, F, 1) is bound by a negative power in R,
so we are able to iterate the equation (3.12) as demonstrated in the next
paragraph.

To complete the proof, we will use iteration to find a fixed point ©* of
(3.12). Given any ¥} with [|1}[|c2.« < 1, there exists a unique C*® function
Y3 € KerLg, so that

Loy = F (p(R,47), R, ¢1)
and by the Holder inequality,
|3l c2a (s (0)) < cllFllcoas; o)) < R < cR™

for some €2 > 0. Choosing R large enough (independent of #]), we have
|5 |lc2.e < 1. Continuing the iteration, we obtain a sequence of functions
{¢;} inside a unit ball of C*%(S1(0)) and

Lovy = F (p(R, k1), Ry o) -
By the Arzela-Ascoli theorem, there is a subsequence w,’; — 4 in C?+ for
some p € (0, ), and then 1§ is a solution to ‘

Loy = F (p(R, ¢p), R, ¥p) -

Therefore, by letting ¢ (z) = 1§ (%), M) is a solution to the identity
(3.9). Geometrically, the identity indicates that the graph over S(p, R)

Y= {y + govg + ]Qégﬂg}

has constant mean curvature (2/R) + fo. Because 4 is close to v, by (2.9),
and p=C+ O(R™€), for R large, we can rearrange and write ¥ as a graph
over Sp(C)

Sr={y+ vy ¢ € C**(Sr(C))}

with [[¢*||cze < coRY7Y.
U

After constructing the family of surfaces with constant mean curvature,
the geometric definition of center of mass in [HY96] generalizes.

Definition 3.2. Let z € ¥ be the position vector. The center of mass of
(M, g,K) is defined by, for o =1,2,3,

f 2%do

o 1 IR €

Clry = Jim —p—g —
YR €

The following corollary says that Cgry is equal to C, and it generalizes the
result in [HO8, Theorem 2].
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Corollary 3.3. Assume (M,g,K) is AF-RT with q € (1/2,1]. Then Chy

converges and is equal to C.

Proof. Let ® be the diffeomorphism from Sg(p) to X defined by ®(y) =
Y+ ¢ovg + R™%Popg. Then by the definition and the area formula,

Jopdoe Jsu 0+ b0y + R™opg) J® doe
IER do. fSR(p) J® do,
= p*+ fSR(p) O(R™™) dae'
fSR(P) doe
After taking limits and using (3.14), we prove the corollary. O

Next, we prove that the family of surfaces with constant mean curvature
{XR} form a smooth foliation. In order to use the inverse function theorem
for the mean curvature map, we would like to estimate the eigenvalues of its
linearized operator.

Definition 3.4 (Stability). A hypersurface N in M is called stable if the
second wvariation operator Ly = —Ay — (]AN|2 + RicM(ug,ug)) has the
non-negative lowest eigenvalue pg among functions with zero mean value,
i.e.
/ uLyudo > #0/ u?do >0 for all non-zero u with / udo = 0.

N N N
N is called strictly stable, if pg is strictly positive.

Lemma 3.5. Let N be a cR'™9-graph over Sr(p) defined as in Lemma 2.3.
For R large, N is strictly stable with the lowest eigenvalue po = (6m/R3) +
O(R™27%),

Proof. By Lemma 2.3,

(L) (W) - (~257(00) = 25V )|

< e (R4 R f* |l c2esi o) -

For R large, the lowest eigenfunctions f for Ly are equal to the lowest
eigenfunctions of —Ag — % which are in span{y' —p', 4% — p?, 3> — p}, up
to lower terms O(R'~9). Therefore, without loss of generality, we only need
to estimate the following integral

Za_pa Za—pa
L d
J ) e () o

and prove it is greater than some suitable positive constant.

Let prqp be the first eigenvalue of —Ay among functions with zero mean
value. We follow the proof of Lichnerowicz’s theorem on the lower bound
of pirqp, but modify it for our setting (cf. [C, Chapter III.4]). For any
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compact manifold N without boundary, and any functions f on N, the
Bochner-Lichnerowicz identity says

%AN\VN fI? = (Hessy )2 + (VN £,.VNANF) + RicN (VN £,VV f).

Because N is two-dimensional in our case, RicN (VN f, VN f) = K|VV f|?
where K is the Gauss curvature of N. Moreover, let f be the first eigen-
function of —Ap, i.e. —ANf = prapf, we have

1 Anf)?
LAV gz BN o e g

with equality if and only if Hessy f = ¢l for some constant ¢, where [ is the
identity matrix. After integrating the above inequality, we derive

M%ap/ frdo > / 2K|VY 2 do. (3.15)
N N
Let (An); be the principal curvature of N. By the Gauss equation,
2K = H?—|AP = 2Ric" (1g, pig) + Ry
= 200)1(AN)2 — 2RicM (g, p1g) + Ry

= 2+ (0w 7)) (g (Ow ) )~ 2Ric" i) + Ry

2H 2 . —2—
= 5~ g~ 2RicM (g, pg) + O(RT)

2 2 2 .M —2-2q
= 7R2 + E H— E — 2Ric (lug’:ug) + O(R )

Notice that in the second last equality, we have used (Ax); = (1/R) +
O(R™'79), H = (2/R) + O(R~179) as calculated in the proof of Lemma 2.3,
and R, = O(R™272%) by the constraint equations. Moreover, by (2.3) and
(2.9), the normal vector p is close to the Euclidean normal vector on the
sphere, so |N| is close to the area of the Euclidean sphere,

|N| =47 R* + O(R*™9). (3.16)
We substitute K calculated above into (3.15) and have

2 2 2
2 2 2 N r|2
iy [ Fdr = iy [ 1 da+R/N(HR) VY P2 do
=2 [ RicM g 1) V¥ 1 do
N
+/ O(R™*720) |V f|2 do (3.17)
N

with equality if f = (2! — p!/R) + O(R™9), and therefore, yiq, = (2/R?) +
O(R™27%). Let w; = (2! — p')/R and ¢; = [, u? do,
47 R? 1—u}
o=
R2

+O(R>%  and |VNy|? = + O(R™279),
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Replacing f by w; and dividing (3.17) by ptr.qp and ¢;, we derive, forl = 1,2, 3,

2 o 2
e [ RV (g 1)1 = do + O(RT). - (3.18)

Let v be the lowest eigenfunction of Ly, i.e. Lyv = uguv,

,uo/ vzdaz/ vLsz,u,Lap/ vzda—/ \ANPvzda—/ Ric™ (g, pg)v* do
N N N N N

with equality if v = u; + O(R™?). Therefore, noticing that

AvP? = Wi+ W)= <; + <<AN)1 - 12))2 - <;z " <(AN)2 - 11%)>2

2 2 2
= mty <H — R) +O(R™2729) (3.19)

and substituting 114, by (3.18), we have
1o = [MLap — 2 _a L (H - 2) 2u? do — 0_1/ RicM (g, pg)u? do + O(R™2724)
a )
P R2 R Jy R N 99
Cl

—1
2
= (H - > (1—-3uf)do —c;! / Ric™ (g, pg) do + O(R™2729).
R Jn R N

Because ¢; = ¢z = c3 up to lower order terms and ), “12 = 1 up to lower
order terms, we sum the above identity over [, divide it by 3, and derive

3 . _o_
47TR2/NRZCM(,ug,ug) do + O(R™27%9).

Using the definition of the ADM mass (1.4) (it is known that {|z| = r}
can be replaced by more general surfaces including N) and the fact that
the scalar curvature R, is of lower order by the constraint equations, for R

Ho = —

large,
/ RicM(ug,ug)da:/NRicﬁ\f (Z ];p ),ugdo
= ~3g ch G (=22")ph do+ O(R™79) = —T—i—O(R 7).
Therefore,
3 —8mm _ 6m _9_
0=~ (T ) O = T 40U

To prove that Ly is invertible, the similar calculations in [HY96] could
be applied in our setting.
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Lemma 3.6. Let N be a cR™'"%-graph over Sg(p) defined as in Lemma
2.3. For R large, Ly is invertible and Ly : CO%(N) — C*%(N) with
Ly < em RS

Proof. Let 1y be the lowest eigenvalue of Ly with the corresponding eigen-
function hy among all functions (not necessarily with zero mean value). First
notice that by (3.19)

n = min / —uANu — (|AN‘2+R’L'CM(,U,Q,;L)) u® do
{llull2=1} /N

2 o
> —m TOR 2=y,

On the other hand, if we replace u by the constant |N|~/2, we obtain

2 o
nOS_ﬁ"i'O(R 2 q)7

and then

2
m=—7z+ O(R™%79). (3.20)

We would like to derive a L?-estimate on the difference of hg and its mean
value hg = [N|™! [}, ho do.

—An(ho — ho) — (JANI? + Ric™ (p1g, 1g)) (ho — ho)
= no(ho — ho) + (mo + [An|* + Ric™ (g, 1g)) ho (3.21)

Multiplying the above identity by (ho — ho) and integrating it over N, we
get

/ (V¥ (ho — ho)|* do :/ (no + [An1? + Ric" (g, ng)) (ho = ho)? do
N N

+ [+ 1A + Ric" G 1)) o = ho)ho do.
As shown in the previous lemma, fi., = 2/R? + O(R™279) for functions

with zero mean value. Also, by (3.19) and (3.20), no + |An|> = O(R™279)
pointwisely. Then

2 -
<R2 +0 (R_z_q)> / |ho — ho|? do
N

gcR—Q—q/ |h0—ﬁo|2da+cR_2_q/ Iho — ho|[fo| do
N N

§cR_2_q/ \hg — ho|? do + cR™%74 eRq/ |hoh0|2d0+0(6)/ |ho|* dor | .
N N R Iy

For € small enough, we obtain

/ |ho — ho|? do < cR_Qq/ |ho|? do. (3.22)
N N
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Let m1 be the next eigenvalue with the corresponding eigenfuction h;. We
will show that 7 is positive and 1 > (6m/R?) + O(R™2729). First,

0 :/ hohl do = / (h() —}_Lo)(hl - le)dO'-i—/ iLohl do.
N N N
Then

/Nhlda < |ho| ™t (/N(ho—l_zo)2d0>é </N(h1—l_zl)2do—>é. (3.23)

Because Lyhi = mhq,

/ (hl — Bl)LN(hl — Bl) dO’ :/ 771(h1 — Bl)Q dO‘
N N

+ / hy(hy — ha) (JAN[? + Ric™ (g, 1y)) do.
N

The left hand side is bounded below by po [ (h1 — h1)? do. Therefore, by
Lemma 3.5, (3.19), (3.22), and (3.23)

@Z ‘o (p:?-?q)) [ = do

[ || [ (AP + Ric (g, 12) (b~ ) do
N N

/h1d0/|h1—h1|d0
N N
1
_ 2
/hldcr (/ |h1—h1|2dcr>
N N

1
Ry 19 g7 -1 Ry ? Ry
<m (hl hl) do + C’N’ 2R ’ho‘ (ho h()) do (hl hl) do
N N N
§771/ (hl — Bl)Q do + CR_Q_Qq/ (h1 — FLl)Q do.
N N

Therefore,

gm/ (hy — )2 do + |N| L
N

gnl/ (h1 — h1)*do 4 ¢|N|T'R™27¢
N

gm/ (h = Tn)? do + | N| " R~
N

6m —2-2
n > ﬁ + 0 (R q)
and then Ly is invertible with |Ly'| < em ™ R3. O

In particular, the above lemma says that Ly, is invertible for surfaces
> g with constant mean curvature constructed in Theorem 3.1. In the next
theorem, we then use the invertibility of Ly, the estimates in the above
two lemmas, and the inverse function theorem to show that {¥z} form a
smooth foliation.

Theorem 3.7 (Smooth Foliation). Let {Xr} be the family of surfaces with
constant mean curvature constructed in Theorem 3.1. Then {¥r} form a
smooth foliation in the exterior region of (M,g).
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Proof. Let H : C%%(%R) — C%Y(XR) be the mean curvature operator de-
fined by

H(u) = the mean curvature of {z+ pgu:z € Xp}.

Because dH = —Ly,, is a linear isomorphism by Lemma 3.6, H is a diffeo-
morphism from some neighborhood Ug of 0 € C*® to some neighborhood
Vg of H(0) by the inverse mapping theorem. Moreover, {3z} vary smoothly
in R. To show that {¥r} form a foliation, we need to prove g, and Xp
have no intersection for any R; # R. First, when R; is close to R and ¥,
is the graph of u for u € U, we show that u satisfying H(u) = constant has
a sign. In the following, we suppress the index R and denote X g simply by
Y. By the Taylor theorem, for any u € Ug,

H(u) = H(0) — Lyu + /01 (d*H(su) — dH(0)) uds.
Because H(u) and H(0) are constants, we can rewrite the above identity as
Lyu=Cy + /01 (dQ’H(su) — dH(0)) uds. (3.24)
A direct calculation by integrating the above identity over ¥ and by (3.19),

C, = —|E]_1/(|Ag]2+RicM(ug,ug))uda
b

1
—|x! 2H (su) — u dsdo
5| /2/0 (dH(su) — dH(0)) udsd
2

_ —9_

= b + O(R™7 Y u||c2.0)- (3.25)

In order to prove that sups, |u—u| is small comparing with |u|, we decompose

u = hg 4+ up where hg is the lowest eigenfunction of Ly and fz houg do = 0,
and we will prove hg has a sign and ug is small.

sup |u — @| < sup |ho — ho| + 2sup |ug|.
by by N
By the standard De Giorgi-Nash-Moser theory, because hg — hq satisfies

the second order elliptic equation (3.21) and ||hg — hol|z2 is controlled as in
(3.22),

SUp lho — hol < e¢R™Yho — hollz2(s) + cRlho| ||no + |As|® + Ric™ (g, 11g) || .4

cR™Y9N|V2|ho| + cR™2 9| hg| < R~

IN

IN

S CR_a_q’BQ‘

Therefore, hy has a sign when R large by (3.26). It remains to estimate
supy, |ug| and prove that ug is too small to change the sign of u. By the

(3.26)

cR™ (sup |ho — ho| + Rlhol ||no + | As|* + Ric" (g, 119)|| 14)

(3.27)
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definition of ug, (3.20), (3.24), and (3.25),

2 - 2 9
ﬂo—i—O(R 2 qHuHCZ,a)

Lysuy = —noho — ﬁho ~ Rz
2 - 2 9
= ﬁ(ho—ho)—ﬁuﬁom 274 ||| e ).

Because Ly has no kernel, by the Holder estimate, for R large,

¢ (Ilho = Bollcows + [ lloe + R~ Jull e

¢ (IIho  Follooe + o] + B hollc2.)

c (th - 710”00,04 + ‘ﬁ0| + RiqmoD . (328)

[[uol 2.

ININCIA

Because [y, houg do = 0, similarly as in (3.23), we have

[

and then by (3.26)

< 2|N|lho| ™" sup \ho — hol sup |uo|

o] < 2|ho|™! Sup |ho — hol sup luo| < cR™ sup |uol.

Then |ag| could be absorbed into the left hand side of (3.28). For R large
enough, by (3.27) we have

sup |ug| < |luol|cze < ¢ (Hho — hollco. + R_q|i_zo|) < cR™hg|.

Concluding above estimates, for R large, |u — 4| < 27!}, and then u has a
sign.

We have proved that, in the neighborhood Ugr where the inverse function
theorem holds, any two surfaces with constant mean curvature have no in-
tersection. Because the size Ug is independent of R by the bounds of |d*H|
and |L3'| (c.f. [MRA, Proposition 2.5.6]), we could inductively proceed the
argument toward infinity and conclude that {¥g} form a foliation in the
exterior region. O

4. UNIQUENESS OF THE FOLIATION

In this section, we assume (M, g, K) is AF-RT with ¢ € (1/2,1], and X
is the surface with constant mean curvature constructed in Theorem 3.1.
Also recall that Y is a coR'~9-graph over Sg(C).

4.1. Local Uniqueness.

Theorem 4.1 (Local Uniqueness). Given any c¢1 > co, there exists o1 =
o1(c1) so that, for R > o1, if N is a cyRY~9-graph over Sr(C), is topologically
a sphere, and has mean curvature equal to H(XR), then N = Xg.

Proof. Because the normal vectors on Sr(C) and X i are close, we can write
N as a graph over ¥ and assume N = {z + vy : z € E}. We first prove
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that there is a constant ¢; so that if [|v]|c2.a(x,) < 2¢1, then v = 0, by using
the invertibility of Ly,.

1
Hy,(v) = Hx,(0) — Ly ,v —I—/ (dHx,(sv) — dHyx,,(0)) vds
0
1
N A / (dHs,, (sv) — dHs,,(0)) v ds.
0
Because ]LEIU < em™'R3 by Lemma 3.6 and (3.5),

1
lollzaqsy < em™'R? /0 (dHs, (s0) — dHs,,,(0)) v do

C%(SR)
< em T PR 0] (s ) < em T 0lEea sy
Choosing any ¢; < ¢~ 'm/2, we have
[vllc2.as,) < 260 = v =0.

Recalling the construction in Theorem 3.1, X is a O(R™%)-graph over
S(p, R) for some fixed a € (1 —¢q,q) and p = C + O(R™€). For R large,
S(C, R) is within ¢;-distance of Y p. Therefore, because the normal vectors
of ¥r and S(C, R) are close, for R large,

N is a ¢i-graph over S(C, R) = ||[v[|c2.a(zy) < 261 = N =3¥g. (4.1)

By the assumption, N is the graph of u over Sg(C) with ||u|/g2.0 < c; R Y.
The mean curvature of N = {y + uv,} is

Hs(u) = Hs(0) + Agu+ (|As|* + Ric™ (vg,v4)) u
1
+/0 (dHg(sv) — dHg(0)) v ds. (4.2)

Then let ¢g be the function defined as in the proof of Theorem 3.1,

A~ g0) — 51— 90) = fuly) ~ faly —C) + W s

2
+(Ag — AS)u + (A5|2 ~ 2 + RicM (v, ug)) u

1
—I-/ (dHg(su) — dHg(0)) uds. (4.3)
0
We decompose u into the part perpendicular to the kernel and the part
inside the kernel in the L?-space,
u=ut+B-(y—C)R™1
where, for a = 1,2, 3,

—4+q
B® = 31 / u(y® —C*)do. and / (y® — CY)ut do,. = 0.
Am s Sr(C)
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Applying the Hélder estimate on (4.3), because u' — ¢y is in the orthogonal
complement of the kernel,

1wt = ¢0)*|| < eR™T (1 + [[u*l ).

To estimate the part inside the kernel, we observe that if (4.3) is projected
into the kernel, we have

oo [ e
Sr(C)
2
+/ (y* —C%) ((AS —A9) ut + (]Ag;]? — =5+ RicM(Vg, I/g)> ul> do,
Sr(C) R
L (B - OR) do+ By
Sr(C)

where the error term E; = fSR(C) (y™* —C%) fol (dHg(su) — dHg(0)) udsdo.
Because the sphere is centered at the center of mass, by Lemma 2.1,

/ () — C°) [y dow = Srm(C™ — C°) + O(R=7) = O(R~9).
Sr(C)

Then by the similar estimates as in Step 3 of the proof of Theorem 3.1,
the second line and FE7 are of lower order. Moreover, using the eigenvalue
estimate in Lemma 3.5 (the equality case)

8emB*R'™1 = O(R™9).
Therefore,

lu—dollcze < ut = dolloza + ||B- (y = CYR™| 0.
< cRTU(1+ ||ulcza) + [B|R'Y
< ¢R 94 ¢ R +cRC.

By choosing R large (depending on ¢;), we have

C1
= dollcze <

Because S(C, R) = {y + ¢ovy} and also the normal vectors on Sgr(C) and
on §(C, R) are close enough, we could arrange so that IV is a ¢;-graph over
S(C,R). Then by (4.1), ¥, = Eg. O

The above theorem says that for surfaces bounded away the Euclidean
sphere centered at the center of mass, X is the only one with constant mean
curvature H(Xg). In particular, we can generalize the above statement for
any constant mean curvature surfaces which are spherical.

Corollary 4.2. Assume |p — C| < ¢oR'™4. Given any ¢, > ¢y + co, there
ezists o1 = 01(Co,¢1) so that, for R > o1, if N is a ¢ R %-graph over
Sr(p), is topologically a sphere, and has mean curvature equal to H(XR),
then N = Xg.
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Proof. Assume N is a ¢; R'~%-graph over Sg(p). Because the normal vectors
on Sg(p) and Sg(C) are close and |p — C| < ¢oR'™9, N is a (¢p + ¢1) R %-
graph over Sr(C) when R large. Then we can apply the previous theorem
(by letting ¢; = ¢o + ¢1) and derive that N = Xp. O

4.2. A Priori Estimates. For general surfaces with constant mean curva-
ture, we would like to derive a priori estimates and show that they are close
to the Euclidean spheres.

Let N be a surface with constant mean curvature H. Assume N is stable
(Definition 3.4) and topologically a sphere. Let the minimum radius and
the maximal radius of N denoted by r(N) = min{|z| : z € N} and 7(N) =
max{|z| : z € N} respectively. A is the second fundamental form of N, A =
A— %H g|n is the trace-free part of A, p1, is the outward unit normal vector
field on N, and A and V are the Laplacian and the covariant derivative on N
with respect to the induced metric g|n. Moreover, to simplify the notations,
we suppress the superscript M and denote R;j; or Riem the Riemannian
curvature tensor and Ric the Ricci curvature tensor of (M, g) respectively.

The following Sobolev inequality holds and can be found in [HY96, Propo-
sition 5.4].

Lemma 4.3 (Sobolev Inequality). For r large, there is a constant ¢ so that
for any Lipschitz functions g on N,

1
2
(/ |9|2do> Sc/ Vgl + H|g|do (4.4)
N N

Lemma 4.4. Assume N is a hypersurface in M with constant mean cur-
vature H. Also, M 1is topologically a sphere and stable. Then there is some
constant ¢ so that the following estimates hold.

(1) For any s > 2,
/ |z| % do < er? .
N

A > < er™ 2.

(2)

(3)
c'<H*N|<e.

Proof. Using the first variation formula as in [HY96, Lemma 5.2], for any
s> 2,

/ |z|~* do < er®* *H?|N|.
N

As in [HY96, Proposition 5.3] and using that the Ricci curvature bounded
by |24,

/ |A]?do < er"9H?|N|.
N



26 LAN-HSUAN HUANG

If we can prove (3), especially the upper bound, then (1) and (2) follow
directly from the above inequalities.

The lower bound in (3) can be derived by letting |g| = H in the Sobolev
inequality (4.4). For the upper bound, we first observe that the Gauss
equation and the Gauss-Bonnet theorem imply

1 .
/ ~H?do < / 2K + |A]* — Ry + 2Ric(pg, pg) do
N2 N

< c+c</ |A\2+|x|_2_qda>
N

< c+er UH?|N|.

For r large, we can absorb the last term to the left hand side, and prove
(3). O

By the Simons identity ([S68], [SSY75], and [M07]), for any hypersurface
N in M, we have

AAOZ,B = VOCVBH + HAiAéﬁ - ‘A|2Aaﬁ + AiReBe6 + AéERéaﬁe
+Vg <Ricakyk> +V?° <Rkaﬁ6Vk>
where the Greek letters ranges over {1, 2}, and the Latin letters ranges over
{1,2,3}.
Lemma 4.5.
APz + V1A + [IVAN 2 + (1A < e
Proof.
2| A|A|A| + 2 |VIA|]* = AJA? = 2% Al s + 2| VAP,
By the Cauchy-Schwarz inequality |[VA[? > |V|f21|‘2 and the following esti-
mate (see [SY81] and [MO07]),
. o 12 1.5 16
VAP~ [VIAI]" > *IVAIQ - 77 (Wl + IVHIQ)

> |VA|2+ \V|AH - (\w|2+|VH| )
we have
|A|AJA] > AP AA g +3 \VA|2 +3 \V|Ay| - (W +|VH|?)

where w = Ric(-, jug)T denotes the tangentlal prOJectlon of Ric(-, pug) on N.
Because N has constant mean curvature, we substitute the Simons iden-
tity into the above inequality and have

|AJAJA] > HAYPAL Asp — |APAP As + AP A% Reges
+AQ5A56R5QB€ + 47V g (Ricapr*) + A7V ((Byass”)

16 ol

Lioapy
VAP + ]V|AH - — (4.5)
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Integrating —| A|A| A,
5 1 . 5 o
/|V|A|2+34]VA|2da < /—HAaﬁAgAwHAPAaﬂAaﬁda
N
/ AP AR ges + AP A% Rs 5 dor

/ aﬁVg chaku )) + AP0 (Rkaggyk> do

1 16
VIA||" = =|w|?do.
- [ 32 V1A - el do

A direct calculation shows the first two terms on the right hand side
HAYP A Asp + |APAP Ay = (|A]2 — H?)|A|? — HAYP A2 Asp.

The last term vanishes because M is two-dimensional. Therefore,
/ PGP+ 2 VALde < / (A]? = H2)|AP do
N 34 34 - N
— / AP A% Reges + AP A% Ryop. do
N
—/ (AO‘BV5 (Ricakyk)) + APV (Rkag(sl/k) do
N

16, 1o
+/ 17|w| do. (4.6)

The second line can be bounded by
c/ |A]*|Riem| + |A|H|Riem| do
N
Using integration by parts as in [M07], the third line can be bounded by

¢y |w|? do. We then use the stability to control the first line. Because N
is stable, for any v with mean value a,

/|A|2u2da < /|Vu\2da+/ |A\2(2uﬂﬂ2)d0/ Ric(pg, pig)(u — 0)* do
N N N N

Vul? do + A2+1H2 i — u2) do
[Vul
N N 2

+2 / |Ric| (u? + ) dor
N

IN

Because 2ui — 4% < u? and |Ric(z)| < ¢|z| 7279, we let u = |A| and rewrite
the above inequality as follows:

/ (|A‘2_1H2> ‘;1|2d05/ \V|A|\2da+2u/ |A|3+2/ 2|27 (JA]® + @*) do.
N 2 N N N
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Multiplying the above inequality by 69/68, adding it to (4.6), and moving
the remaining H?2-term to the left,

/|A\4da+/ w4 do+/ yvA|2do+H2/ A% do
N N N N

< cu/ |A]3da+c/ 2|72 (JA)? + u?) da+c/ |A|H||z| > do
N N N

e / =424 g
N

Because || Al|;2 < er~% as proven in Lemma 4.4(2), by the Hélder inequality
and Lemma 4.4 (3),

2
2 = |N|2 (/ 1] da) < \N\‘l/ A2 do < | N|~'r1 < cHZ,
N N

By Young’s inequality,

. 1 o .
ca/ AP do < / |A|4da+cr_qH2/ A2 do.
N 4 N N

For r large enough, these two terms could be absorbed to the left hand side.
Similarly, the rest of terms

c/ 2| 7279 (JAP? + u?) d0+c/ s
N N

1 .
< / |A*do 4+ r~ 2 9@ |N| + cr— 2%
4 Jn
o 1 g
c/ |A|H|z| 7277 < HQ/ |A|? do 4 cr—2724,
N 2 In

We then derive
AP 2 + ([ V1Al 2 + [[IVAI]] 2 + [[HIAN 2 < ex™' 72
O

4.3. The Position Estimate. In order to prove that N is close to some
sphere pointwisely and is a nice graph, we would like to derive the pointwise
estimate of |A|. We use the Moser iteration similarly as in [QT07].

Lemma 4.6. For any function u >0, f >0, and h on N satisfying
—Au< fu+h (4.7)
we have the pointwise control on u as follows:

Supu < c(Ifllzz + H + =) (lull g2 + rH ] 2)
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Proof. Replacing g by g2 in the Sobolev inequality (4.4) and using the Holder
inequality, we derive a variant of the Sobolev inequality

</Ng4da)él<c</Ngngal—i—/NHg2do> l
< c(/N|g|2da>2 ((/N|vg\2da>2+</NH2|g|2da>2> (4.8)

Let k = r||h||z2, and % = u + k. Then multiplying "~ on the both sides of
(4.7)

h h ~
—WTAT < fuP - kfaPT 4 2P < fuP + L= fur
u
where f: f + k~'h. Integrating the above inequality, we have, for p > 2,
I NE Pp_g P o202
/ ‘V(uﬁ) do = / ‘ 5- vu do —/ P ap—2|val? do
N

= P2Vl do
4<p—1>/N<p yar2|vil
2

p ~p—1 A~
= — —uP T Audo
d(p—1) /N

g /N ﬂpfda.
~P

We let g be w2 in (4.8) and substitute the gradient term by the above
inequality,

~9 % ~ % P P % 9~ %
uPdo) <c u? do = | WPfdo| + H*u? do .
N N 2N N
By the Holder inequality, the last two terms can be bounded by
1 ,
p P Pz 2P 2
(o) <) (o)’ ()"
(/ H2upda) < (/ H4da> </ 2%) 4
N N

Therefore, using the above inequalities and Young’s inequality,
2 1 > X & \2
</ 'zZQPda) < </ 62pd0> +—c(%) (/ ﬂpda) </ f2da>
N 2 \J/n dep \2 N N
1
3
-i-L (/ ﬂpda> </ H4d0)
de2 \Jn N

IN

IN
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where €1 = (2¢4/2p) ! and €3 = (4¢)~!. Therefore,

(/Nazpdgfgcp((/Nfzda)i(/Nm)%) ([ ).
</Na2pda>21p < cvpr (1 ilze +H>’l’ (/zvapd(;)

Now letting p = 2,i = 1,2,3, ..., we then have

3 =

—1—-1

2 l i
~ ~ 2= 27 i9—1) |~
([ ao) < (c(l o+ m)) =" 2=
N

Let I = oo,
swpu < supii < ¢ (| fllp+ H) il
N N
< c(lfllzz + &M IAll 2 + H) (full - + EH )
< e(Ifllee +o7t + H) (full e +cH |11 12)

Corollary 4.7.
sup [A| < c(r™ "0+ Hp279),
Furthermore, if r(N) > H=* for some fized a with 2/(2+ q) < a < 1, then
sup |A| < cH'Te
where € = (2 + q)a — 2.
Proof. Calculating similarly as in (4.5), |A| satisfies the following inequality
—[AJAJA] < (AP~ H?)A]? — A9 A% Reges
— A8 A% Rs 5. — APV 4 (Ricakuk) _ jeBye (Rkaggyk)
< e (JA + AP 77+ [AlH 2| 727+ |Allz]77)
where we have used that |Rijri| < clz|727% and |V R;jp| < c|x|737%. There-
fore A satisfies (4.7) with
fo=clAP+ 27279
ho= e(HJal 0 faf ),
By Lemma 4.4(1) and Lemma 4.5,
£z < er™ 79 hllge < e
Then by Lemma 4.5 and Lemma 4.6,
e U+ H4 ) (H )

sup [A] <
< ¢H +r)(H 179
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O

After we obtain the estimates on \;1|, we first prove that N can be ap-
proximated by a sphere Sy, (p). The following lemma is essentially the same
as in [HY96, Proposition 2.1], but we remove the conditions on |[VA| and 7.

Lemma 4.8. Let N satisfy the same assumptions as in Theorem 2. There
exists p so that for all z € N,

INi(2) —rgt| < cHM (4.9)
[A%(z = p) — ve(z)| < cHS (4.10)
(2 = p) = rove(2)| < croH® < cH ' (4.11)

where rg = 2/H, \¢;(z) is the principal curvature, and ve(z) is the outward
unit normal vector at z with respect to the Fuclidean metric. Moreover, N
is a graph over Sy,(p) so that

N={z=y+vyd:y€Syp)¢cC (Sp))}
with ||¢*||cn < cH 1T,
Proof. By Corollary 4.7, supy |A| < cH'*¢. Because M is AF, for r large,
sgfp |A®| < |A| + ¢|z| 7179 < cHTE
|H® — H| < er 174 < cHME

We would like to use the bound of these Euclidean quantities to show that
N is close to some sphere in the Euclidean space. To derive (4.9), for any
point z € N,

1

Xi(2) = S ()| + [5HO(E) ;H'

< ’Ae| +CH1+6 < CHH_e.

1

IN

1

Let r; ' = (1/2)H, and then (4.9) follows. For (4.10) and (4.11), we derive
the upper bound on the diameter of N which is defined by the intrinsic
distance on N equipped with its induced metric from the Euclidean space.
Using the Gauss equation for NV inside the Euclidean space,

. 1, . el e o e .
Ricly — 2 (H) | < ¢ ([H| A +|A°) < cH*
1
- RZCN > gHz

for H small. The Bonnet-Myers theorem says that diam(N) < ¢H~!. Then,
the same argument in [HY96, Proposition 2.1] holds.

To prove that N is a C''-graph over S, (p), for any point z € N, we define
¥(y) = |z—y| where y € S,,(p) is the intersection of the ray z—a and S, (p).
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By (4.10) and assuming H is small, y is uniquely determined, because for
all ze N

=P
7o

—Ve| <

1
5
In particular, v, never becomes perpendicular to the radial direction, and
then N = {z+ 41, : 2 € S;,(p)} is well-defined. To obtain the C'* bound on
¥, by (4.10) and (4.11),

zZ—p
[¥]|co < sup |z —y| < sup |(z —p) — (y — p)| = sup
zEN zEN zEN

Z—p—

P

= sup|(z — p) — rove| + sup

ToVe — T0 (2 —p)‘ < cH 1t

2EN 2EN |z — pl
Moreover,
00 = |z =yl [(V(z —y),z = y)| <|V(z = p) = V(y — )]
< 1o |Ver® —VE© (y =) + eroH1Te
ly = pl
< 1ol A°| + croH e
< cH¢

where we have used that the principal curvature of Sy, (p) is 7y *. Therefore,
we conclude ||1)*||c1 < cH~1F€. Moreover, because v, and v, are close,

N={z+vet:y €Sy} ={2+1v0:y€Snp)}
for some ¢ satisfying ||¢*||c1 < cH 1t O
However, in order to use the Taylor theorem as before, N should be a
graph whose C?®-norm is under control. Therefore, we have to derive the
pointwise estimate on the C'**-norm of A. A modified Moser iteration which
involves a special choice of the cut-off functions as in [QT07] will be proved
in the following for N satisfying the previous estimates.
Lemma 4.9. For any function uw >0, f >0, and h on N satisfying
—Au< fu+h (4.12)

we have the pointwise control on u as follows:

supu < ¢ (£l 2z + H)llll g2 + H 2[Rl 21 £l 2) -

Remark. Compare this lemma with Lemma 4.6, and the undesirable term
HY|h||z2 in estimating |V A] is removed.

Proof. We replace k = H!||h||;2 in Lemma 4.6 and define & and f the
same as there. Let x be a cut-off function on N. The same calculations in
Lemma 4.6 give

/N ‘V(Xﬁg)

2 p 2 75 2~
do <= [ x*fuPdo+ [ |Vx|*u’do
2 JN N
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and then

3 3
</ u? d0> <ecp (</ f2 d0> + H + (sup |[Vx|) ) / u? do.
N N supp(x)

Let p; = 24,4 = 1,2,3,... and the cut-off functions supported on N be
defined by,

N

(2) = 1 if 2 € Bi4o-i)sH-1 (20)
Xi 0  if z outside By o-it1)55-1(20)

where zg € N arbitrary, and ¢ is specified later. Then

9—1-1
__ol4l
/ 2 do
B
! 2—1—2'

L 9—i Y s9—i ~ S g—i U o 9t i=1 _
= cim1 2T g2 2 Hf”%:;_l + HYi=1? + <5H—1) HUJHLQ(BQ(SH*I(ZO))'

(1+27l)5H71 (ZO)

Let | — oo,
~ _ _ 1
u(zo) + k= i(z0) < e Fllzz + kAl 2 + H + 67 H) (e + k| Bossr-1 (z0) )

We now choose § so that

c ( / H? da> < 1)
Bysgr—1(20) 8

Most importantly, § can be chosen independent of H by using that M is AF
and N is a graph over S, (p) whose C''-norm is controlled (the area formula
contains only the first derivative of the graph, but no higher derivatives) as
follows:

/ H?*do = area, (Bosy-1(20)) H?
Bysp—1(20)

< 2areay, (Bysg-1(20)) H? < c(6H )2 H? < b

(NI

where we have used g is AF and the area formula for the (Euclidean) graph.
Substituting k by H1||h]|y2,

_ J —
u(zo) + H M hll2 < S H YR

+e (12 + H)lull g2 + H2 (IRl 2] £l 22) -

Moving the first term on the right hand side to the left, we complete the
proof. O

Corollary 4.10.
sup |VA| < e(r=2720 4 Hy~179 4 g-2p42),
N
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If r(N) > H™® for some fized a with 2/(2+ q) < a < 1, then
sup |VA| < cH*™.
N

Proof. Let T,op = V4 Aqp. Because |[VT|? > |V|T||? by the Cauchy-Schwarz
inequality,

2T|AIT| + 2 |V|T|? = A|T]? = 2T7P AT, 05 + 2|VT|?
—  —|T|A|IT| < —T"PAT, 5.

If we would like to derive an inequality for A|V A|, we only need to compute
VYABA (szlag). Changing the order of differentiation,

A(VyAng) = VyAAus+ g7 (VeAap)RsS, + 9" (VsAp)R,',
+9” (VsAae) R, + 97V (AR5 + AacR g 5) -
By the Simons identity,
(v74°%) 7,840
= H (VA7) v, (A5 455) = (V74°7) 7, (14 Ans)
+ (V14°7) 9, (A5 RY.s + A% Roage + Vg (Rickio*) + VP (Rpagst") )
—|APIVA]? — ¢ (H|VA]*|A| + |VA]*|Riem| + |VA||A||VRiem| 4+ |VA|H||VRiem|
+|VA[|V?Riem| + |V A|*| VRiem])
Using |Riem| < ¢|z|727%,|VRiem| < c|z|7379, |V?Riem| < c|z|~*79, and
combining the above two estimates,
—|VA|A|VA|
~VTAP A (V4 Aup)
c (JAP|VA]? + H*|VA]? + H|A||VAP + [VAP|z| 271
HVA[A||2[ 727 + [VAIH |27 + [VA[|2| 77+ [VAP 2| 7279 .
Then |V A| satisfies (4.7) with
f=c(|AP + H? + H|A| + |2 7279 + |2 7>79)
h=c(|Al|z| 377+ H|z| 379 + |z|~479).

Then || f|lz2 < er™'7% and ||h]|;2 < er379. By Lemma 4.5 and Lemma 4.9,
a direct calculation completes the proof. O

v

IN A

Similarly, we can derive the Hélder norm [[VA] < cH?"<*®. Using the
same argument in Lemma 4.8, we prove the following:

Corollary 4.11. N is a graph defined by N = {z +v4¢ : y € Sy (p)} with
[¢* | c2a < cH™MHE < erg™®.
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4.4. Global Uniqueness.

Proof of Theorem 2 . By the Taylor theorem and Corollary 4.11, the mean
curvature H of N is equal to

1
H = H(Sr(p) + Asd + (|As]> + Ric™ (vg,v4)) ¢ + /O (dH (sp) — dH(0)) ¢ ds.

Because Lemma 2.1 (i) and H = 2/ry,

_A§(¢_ ¢0> - 7“32((25_ (250) = fl(y) — f2(y_p) 4 w +f2

2
(A5 - AY) 6+ (rAsF o Rz’cM@g,vg)) o

1
—i—/o (dH(s¢) — dH(0)) ¢ ds (4.13)
We decompose ¢ = qu- +7r,“(B-(y—p)), where
—4+e
Be /¢y ) do, = O(1).

Because ¢ — ¢y € KerLg, we have

6% — dollcza < erg 2

Moreover,

161 o2 < 1§ |20
verd (1> 4 rg ol + 7 I + 5010
< Clgt4rg Tl ™).
Bootstrapping [|(¢4)°%|c2.a, we derive
1) | < erg 7

Integrating (4.13) with y® — p® and using Lemma 2.1 for the first term,
0 = [ @ -rh@det [ =) Ls (B (- p) do.
STO (p) STO (p)

s e ((As e <|AS|2 R vg>> ¢i) o
Sro (D)

To
1
+/Sr0(p)(y -P )/0 (dH(s¢) — dH(0)) ¢ dsdo,

6m 4mr?
= Sam(p" —C*) + By Ty T0+cr3( Yo 4+ g2 q||(¢i)0ddu)
0

erd (rg TSI + o) lo)

. \pa—C”]§c< € é+(1 q— 4e)>.
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Recall that e = (2+¢)a —2. If a > (9 — q)/(8 + 4q),
Ip* —C% < ert—e1 and Ip%| < eri—a

for some €¢; > 0. It shows that the center p doesn’t drift away too much.
Let zp be a point so that r = |z,

r=lz0| > |20 —p| = |p| =70 — cH™1te — cr(l)_q > crg.
Therefore, we can replace the assumption r > H~% by r > crg > cH —1in
the above estimates and have

sup | 4| < croflfq and sup |[VA| < cron*q.
N N

They imply, particularly, N is a cré_q—graph over Sy, (p) and [p—C| < cré_q.
Although H may not be exactly equal to H(X,,), we can choose 7 so that
H = H(%,,) withr; = rg+0(ry?). Then we can apply the local uniqueness
result of Corollary 4.2 by viewing N as a graph over S, (a) and conclude
N=%,. O

To prove a result of the uniqueness outside a fized compact set, we replace
the condition on r by the condition that 7 and r satisfy 7 < czz‘fl for any
(9—q)/(8+4q) <a<1l

Proof of Theorem 3. If N lies completely outside Bp—a(0), by Theorem 3,
N = Y. We assume that N # Y. Therefore N N By-.(0) # ¢ for any
(9—q)/(8+4q) < a <1,and then r < H~® < 3R” if R large enough because
H = (2/R) + O(R™179). On the other hand, at zy where 7 = |2g|,

2 2
= < H®(N)(20) < H + c|z| 7179 < I +cR1T 4 e ta,
For R large,
2_4,1
r R T
and then R/4 < 7. Therefore,
1 1 R
F(1)3 < — (3R < = <7
4(3)a 4(3)« 4
Choosing any co < ﬁ, we obtain czz% < 7 which contradicts to the
3)2
assumption. Therefore, N = ¥p. O
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