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Hadwiger’s Conjecture for inflations of 3-chromatic
oraphs

Carl Johan Casselgren* Anders Sune Pedersent?

September 23, 2014

Abstract. Hadwiger’s Conjecture states that every k-chromatic graph has a complete minor
of order k. A graph GG’ is an inflation of a graph G if G’ is obtained from G by replacing each
vertex v of G by a clique C,, and joining two vertices of distinct cliques by an edge if and only
if the corresponding vertices of G are adjacent. We present an algorithm for computing an
upper bound on the chromatic number y(G’) of any inflation G’ of any 3-chromatic graph
G. As a consequence, we deduce that Hadwiger’s Conjecture holds for any inflation of any
3-colorable graph.

Keywords: Hadwiger’s Conjecture, graph coloring, inflation, 3-chromatic graph, complete minor

1 Introduction

A proper k-coloring of a graph G is a function f: V(G) - {1,...,k} such that f(v) # f(u) whenever
u and v are adjacent. The chromatic number x(G) of G is the smallest k such that there is a proper
k-coloring of G. A graph G is k-chromatic if x(G) = k.

Hadwiger’s Conjecture is one of the fundamental open questions in graph coloring. It dates back
to 1943, when Hadwiger [7] suggested that every k-chromatic graph G contains a complete minor
of order k, i.e. a complete graph of order k can be obtained from G by deleting and/or contracting
edges.

The conjecture is a far-reaching generalization of the well-known Four Color Problem, which
asks if every planar graph has chromatic number at most 4, and it remains open for all k greater
than 6. (See [15] for a survey on Hadwiger’s Conjecture.) The case k < 4 was proved by Hadwiger
in his original paper [7]. Wagner [16] proved that the case k = 5 is equivalent to the Four Color
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Problem. The latter problem was solved in the affirmative by Appel and Haken [1, 2] in 1977, and
in 1993 Robertson et al. [12] proved Hadwiger’s Conjecture for k = 6.

Hadwiger’s Conjecture has also been proved to hold for some special families of graphs, e.g. line
graphs [11] and quasi-line graphs [13]. Bollobés et al. [5] proved that Hadwiger’s Conjecture is true
for almost every graph.

In this paper we study Hadwiger’s Conjecture for inflations of graphs: given a graph G with
vertex set V(G) = {v1,...,v,} and non-negative integers ki, ...,k,, we define the inflation G’ =
G(ki,...,ky) of G to be the graph obtained from G by replacing vertices v1,...,v, by disjoint
cliques Ay,..., A, of size kq,...,k,, respectively, such that vertices = and y, where x € V/(As) and
yeV(Ay), s #t, are adjacent if and only if vs and vy are adjacent in G. The cliques Ay,..., A, are
referred to as the inflated vertices, and the numbers k1, ..., k, are referred to as inflation sizes of
G'. If ky =--- = ky, then G’ is a uniform inflation. We also say that G’ is obtained by inflating G.

One motivation for studying Hadwiger’s Conjecture for inflations of graphs stems from Hajés’
Conjecture which states that every k-chromatic graph contains a subdivision of the complete graph
on k vertices. In 1979, Catlin [6] showed that this latter conjecture is false for all values of k greater
than 6. Catlin’s counterexamples are surprisingly simple: they are just uniform inflations of the
5-cycle. Catlin’s counterexamples to Hajés’ Conjecture are not counterexamples to Hadwiger’s Con-
jecture, but perhaps a similar construction might yield a counterexample to Hadwiger’s Conjecture.
Thomassen [14] proved that a graph G is perfect if and only if every inflation of G satisfies Hajds’
Conjecture. In particular, this means that any non-perfect graph can be inflated to a counterex-
ample to Hajos’ Conjecture. We prove that no counterexample to Hadwiger’s Conjecture can be
constructed by inflating a 3-colorable graph.

There are some other results on Hadwiger’s Conjecture for inflations of graphs in the literature:
Plummer et al. [10] proved that no counterexample to Hadwiger’s Conjecture can be obtained by
inflating a graph with independence number at most 2 (complements of triangle-free graphs) and
order at most 11. Kawarabayashi conjectured that Hadwiger’s Conjecture holds for any inflation
of a outerplanar graph [private communication to Pedersen, 2012]. Since every outerplanar graph
is 3-colorable, the main result of this paper settles that conjecture in the affirmative. Pedersen [9]
proved that Hadwiger’s Conjecture holds for any inflation of the Petersen graph. Here we prove the
following stronger proposition.

Theorem 1. Hadwiger’s Congjecture is true for any inflation of any 3-colorable graph.

2 Proof of Theorem 1

Let n(G) denote the Hadwiger number of G, i.e., the order of the largest complete minor of G.
Hadwiger’s Conjecture then states that n(G) > x(G) for every graph G. In this section we will
prove that for any inflation G’ of any 3-colorable graph G, we have n(G") > x(G").

Inflations of graphs are studied in e.g. [3, 4]. Therein the authors were, among other things,
interested in determining the chromatic number of (uniform) inflations. Here we do not attempt to
calculate the chromatic number of such graphs explicitly; rather we obtain an upper bound on the
chromatic number of any (possibly non-uniform) inflation G’ of any 3-colorable graph G and give a
lower bound on the Hadwiger number of G’.

Suppose that G’ is an inflation of G with inflation sizes k1, k2, ..., ks. We denote by G, ks....k
the subgraph of G induced by the vertices which are replaced by cliques with sizes in the set
{k1,ka,...,k} in G'. Similarly, G;€17k2,m7kt denotes the subgraph of G’ induced by all cliques with
sizes in {kq,ks,...,k:} that correspond to vertices of G.
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Given two graphs G and G5 such that V(G1)nV (G3) # @, we define the intersection of G1 and
Go, denoted by G NGy, as the graph with vertex set V(G1) NV (G2) and edge set E(G1)n E(Gz2).
Similarly, we define the union of G1 and G, denoted by G U G5, as the graph with vertex set
V(G1)uV(G2) and edge set E(G1)u E(G2).

In the following we will present an algorithm for computing an upper bound on the chromatic
number y(G") of any inflation G’ of any 3-chromatic graph G. By analyzing this algorithm we will
then be able to prove that Hadwiger’s Conjecture is true for any inflation of any 3-colorable graph.
We shall need some preliminary results. The following was noted by Albertson et al. [3].

Lemma 1. Let G be a graph, and G’ the inflation obtained from G by replacing each vertex by a
clique of size k. Then, x(G') < kx(G).

If G is a graph and G’ an inflation of GG, then an edge e = uv of G is called an a3-edge if in G’ u
and v are replaced by cliques of size a and f3, respectively. Similarly, a vertex in G which is replaced
by a clique of size a in G’ is called an a-vertex. We will use the following observation, which easily
follows from the well-known fact that the chromatic number of a graph equals the maximum of the
chromatic numbers of its blocks, and so we leave the proof to the reader.

Lemma 2. Let G be a graph and let E. denote a set of cut-edges in G. Suppose that G' is some
inflation of G. Denote by H the graph G — E.., and let H' denote the subgraph of G’ obtained by
removing all edges corresponding to edges of E.. Then

X(G") <max ({x(H")} u{a+B|eecE. is an afp-edge})
We shall repeatedly apply the following consequence of Lovasz’ Perfect Graph Theorem [§].
Theorem 2. Every inflation of a perfect graph is perfect.

Proof of Theorem 1. Suppose the result is false. Let G be a vertex-minimal graph with chromatic
number at most 3 such that there is an inflation G’ of G that is a counterexample to Hadwiger’s
Conjecture. Moreover, let G’ be vertex-minimal with respect to the property of being an inflation of
G that is a counterexample to Hadwiger’s Conjecture. It is straightforward to see that G must be 2-
connected. Suppose that G is 2-colorable. By Theorem 2, any inflation of a perfect graph is perfect
and so x(G") = w(G") < n(G"), a contradiction to the assumption that G’ is a counterexample to
Hadwiger’s Conjecture. Hence, we may assume that G is 3-chromatic.

Let a; be the largest inflation size of G'. If x(Gq,) = 3, then it follows from Lemma 1 that
X(G") < 3a;. Furthermore, n(G’) > 3ay, because G,, contains a cycle. Hence, n(G’) > x(G’)
which contradicts that G’ is a counterexample to Hadwiger’s Conjecture. Thus, we conclude that
X(Gq,) < 2. Since x(G) = 3, this means that a; is not the only inflation size of G'.

Let ay,...,am,b1,...,b, denote the inflation sizes in G, where

A1 > > Ay > by > > by,

and x(Ga,.....am) <2 while x(Gq, .. amibr) = 3.
Let A denote the set {a1,...,an}, and let S be the set of all ordered pairs (a;,a;) of A with
a; > a; for which there is an a;aj-edge in G. Since x(Gaq,.....a,,) < 2, Theorem 2 yields that

X(Go,,. . a,) = max({ai + a; | (ai,a;) € S}ud{ar,....am}). (1)

We define the graph Gy . to be the graph obtained from G7 _, by removing by vertices
from each of the inflated vertices of Gq, ... q4,,. Similarly, we set b,.1 = 0, and, for each i € [n], we
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let G b denote the graph obtained from G b
1;:-,am,01,...,04 a1,.-,am,01,...,

each of the inflated vertices of G, , , , insuch a way that G,

Ggl,...@m,bh...,bj whenever i < j. (This is possible since G,

i <j.) As a shorthand, we will often write

p, Dy removing b;.1 vertices from
by...b; 1S a subgraph of
b; and bl > bj if

yees @y

C
yeens@myb15esbi = At am by

!/ 14
szi N GZbi N and GZbi

for the graphs
!/ I’
Gal,...,am,bl,...,bﬂGa17,,,,am7b1’...’bi and Gal

,...,am,bl,...,biv
respectively. The analogue of (1) for G¥, then reads
x(GY,, ) =max({a; +aj - 2b1 | (aj,a;) € S} u{ar —b1,...,am —b1}). (2)

Below we shall give our algorithm for computing a useful upper bound on the chromatic number
of G'. First we discuss it informally:

The algorithm proceeds by steps and at Step ¢ of the algorithm (1 < ¢ < n) it considers the graph
Gsyp,, and defines the sets A;q1 from A;, S;41 from S;, the set 741 from 7;, and the auxiliary sets
8!, Al, A and T. Each step consists of the three parts (a), (b) and (c), and at each such part
certain sets are defined.

At the beginning of Step 1 we have A; := A, S;:=8, and T; := @. Then at Step ¢ (1 <i<n) the
set Sj41 is constructed from S; by adding a new element (o, b;) if

e acA;,
e there is no a-vertex in a cycle of Gy, and

e there is an ab;-edge in Gy,

and removing any element (a, ) such that there is an af-edge on a cycle in Gsy,.

The set A;,1 is constructed from A; at Step ¢ by removing any element « such that there is an
a-vertex on a cycle in Gyy,.

Finally, the set 7;,1 is constructed from 7; at Step i by adding any element («, 3,b;) such that
there is an af-edge in a cycle of Gy, and adding every element («,b;,b;) such that there is an
a-vertex in a cycle of Gy, and there is no 3 > b;, such that there is an af-edge in a cycle of Gyp,.

Note that if (a, 3) € §j \ Sj41, then j is the minimum integer ¢ such that there is an af-edge in
a cycle of Gp,, and one might think of the set S;;1 as “the set of pairs (a,8) such that a > 3 and
o > a,, and for which there is an af-edge in Gy, but no cycle containing an aS-edge”. Similarly,
one might think of the set A;,1 as “the set of all constants « > a,, for which there is an a-vertex
in Gp, but no cycle containing an a-vertex”. Note further that since G is 2-connected, for each
a € A;, there is some minimum integer j such that G, contains a cycle with an a-vertex. A similar
statement holds for the elements of S;.

Let us now give a formal description of the algorithm:
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Algorithm 1
Step 0: Define A;:=A4,S1:=8, and T; :=@.

Step 1:

(a) For each element (aj,,aj,) of Si, if there is an aj aj,-edge on a cycle in Gsp,, then
include (a;,,a;,) in Si.

(b) For each element a; of Aj:

e If there is an a;-vertex on a cycle in Gyy,, then include a; in Aj.

o If there is an aj-vertex on a cycle in Gy, and no element aj, € {ai,...,am} such
that there is an a;a;,-edge on a cycle in Gy, , then include (a;,b1,b1) in 77,

e If there is no aj-vertex on a cycle in Gy, but there is an a;bi-edge in Gy, , then
include a; in AY.

(c¢) Define
° SQ = (Sl N S{) U {(aj,bl) | aj; € A’ll},
[ ] A2 = Al AN Ai,

e T2:=Tiu {(ajmajzvbl) | (a’jlvajé) € S{} U ’TII U {(blablvbl)}v
and go to Step 2.
Step ¢ (2<i<n):
(a) For each element («,f) of S;, if there is an af-edge on a cycle in Gy, then include
(o, B) in S.
(b) For each element a; of A;:

o If there is an aj-vertex on a cycle in Gsp,, then include a; in Al

o If there is an aj-vertex on a cycle in Gy, and no element « € {a1,...,am,b1,...,bi-1}
such that there is an aja-edge on a cycle in Gy, then include (aj,b;,b;) in T;.

e If there is no aj-vertex on a cycle in Gy, but there is an a;jb;-edge in Gy, then
include a; in the set AJ'.

(c) Define
e Sit1:=(S\S)u {(a;,b;) | aj € Al
o Ajyi=AiN «427
L4 7+1 ::ﬂu{(avﬁvbi)‘(OZ?/B)ESZ(}U,];,’

and go to Step (¢ +1) if i <n -1, otherwise Stop.

We now prove some properties of the algorithm. The algorithm stops after Step n when the sets
Sp+1, Ans1 and 7,41 have been defined.

Lemma 3.

(]) A12A32...24,,.1.
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(2) The sets Aj,..., A, and A}, are all disjoint.
(3) TicTac-- € Ths1-
Proof. (1): The inclusions follow directly from the description of the algorithm, in particular, part
(c) of Steps 0,1,...,n.

(2): Suppose that a is some element of A n A% with ji < jo. By part (b) of Step j2, a € Aj,.
Since also a € Aj, , it follows from part (c) of Step ji that a is not in Aj 41 and so, by (1), a
is not in \A;,, a contradiction.

(3) The inclusions follow directly from part (c) of Steps 0,1,...,n.

O
Lemma 4. At the end of Step i of the algorithm, the following holds:
X(G%,) < max({a+ B+ (a,8,7) € Tist }
U{a+B+bi1 | (o, B) €Siv1}
U {aj +2bis1 | aj € Aiir}). (3)

Proof. For each i € [n], let E; denote the set of all af-edges in Gy, with (a, 5) € Si11. For each
i€ [n], let V; denote the set of all a-vertices of Gy, with a € A;;1. Define H; := Gy, — E; - V;.
The following three claims are easily deduced from the description of the algorithm.

Claim 1. For each i € [n] and each of-edge e of Gsp, with (o,) € S;, the edge e is in H; if and
only if there is an af5-edge on a cycle in Gyp,.

Claim 2. For every i € [n], each edge of E; is a cut-edge of Gy, .

Claim 3. For each i€ [n] and each a-vertex v of Gsp, with o € A;, the vertex v is in H; if and only
if there is an a-vertex on a cycle in Gyp,.

Claim 4. For each i € [n], each vertex of V; is an isolated vertex of Gsp, — Ej.

Proof of Claim 4. Suppose that there is some edge uv in E(Gsp,) \ E; with v € V;. Since v e Vj, v
is an a-vertex for some « € A;,1, and, by Claim 3, this means that there is no a-vertex on a cycle
in GZbi'

The edge uv is an af-edge where neither (a, 5) nor (5, «) is in S;41, since otherwise uv would
be in F;. If a, B > ayy, then («,8) € S; or (8,a) € S1, by the definition of §; =S, and if 5 = b, for
some 1 < r < j, then (o, f) € Sp+1 according to part (b) and (c) of Step r. In both cases we must
have that either (o, ) or (8,«) is in SJ’. for some j < i+ 1, because otherwise (a, 3) or (5,«) is in
Si+1. However, according to part (a) of Step j, this happens only if there is an aS-edge on a cycle
in Gsp,. This clearly contradicts the fact that there is no a-vertex on a cycle in Gy, . U

Next, we define H," to be the graph obtained from G;’bi by removing all edges corresponding
to edges in F; and all vertices corresponding to vertices in V;. So H!' is the subgraph of GIZIbi
corresponding to the subgraph H; of Gyp,.
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Instead of proving (3), we prove, by induction, that the following stronger statement holds for
every integer i € [n]:

x(G%,) smax({a+ B+~ - 3bi1 | (o, 8,7) € Ti1}
U {a+ B -2b1 | (o, 8) € Siv1}
U {aj —bis1|aj € Ainn }), (4)

and
x(H{") <max{a+ B+ —3bi1 | (o, 8,7) € Tis1}. (5)

The subgraph G, —V(GY,.) of GY,_ is a b;;1-inflation of a 3-colorable graph, and so, by Lemma 1,
xX(GLy, = V(GY,)) < 3bir1. This along with (4) implies that (3) holds.
We first prove that (4) and (5) hold for i = 1.

Claim 5. The upper bounds (4) and (5) hold fori=1.

Proof of Claim 5. We shall first give an upper bound on x(G%, n H{) and then extend this to
an upper bound on x(H{), thus establishing that (5) hold for i = 1. Of course, Gs,,, N Hy is a
subgraph of Gs,,,, and Gs,,, is a 2-colorable graph, in particular, it is a perfect graph. Thus, by
Theorem 2, GY, nH{ is a perfect graph, and so x(G%, nH{)=w(GY, nH). Since GY, nHY
is an inflation of the triangle-free graph Gs,,, N H; it follows that any largest clique in GY, n H{'
corresponds to a single vertex or a pair of adjacent vertices in Gsq,, N Hy. Thus, x(GY, nH{') is
at most

max ({a+ - 2by | aB-edge in Gsq,, N H1} U {a— by | a-vertex in Gs,,, N H1}). (6)

By Claim 1, an af-edge e of Gs,,, with (a, ) € Sy is in Hy if and only if there is an «af-edge
on a cycle in Gyp,. According to part (a) of Step 1, an element (o, 3) € S; =S is in S if and only
if there is an a-edge on a cycle in Gy, .

Similarly, by Claim 3, an a-vertex v of Gs,,, with o € A; is in H; if and only if there is an
a-vertex on a cycle in Gsp,. According to part (b) of Step 1, an element o € 4; = A is in A]
if and only if there is an a-vertex on a cycle in Gsp,. Hence, by (6) we may now conclude that
x(GY,, nHY) is at most

max ({a+8-2b; | (0, B) e S{}u{a—-bi |aeAL}). (7)

For any element a of A} for which there is an element a; € {a1,...,a,} such that there is an
aaj-edge on a cycle in Gy, (a,a;) or (aj,«) is included in S7, and so, since a +a;j — 2by > a - by,
the value of (7) is unaffected by removing such an element « — by from the second set in (7). By
part (b) of Step 1, for any element « of Aj for which there is no a; € {a1,...,am} such that G,
contains an aaj-edge on a cycle, the element (a,by,b1) is included in 7/. Thus, x(GY, nH{')is at
most

max ({a+ 8- 2b; | (a, B) € S{}u{a=by | (a,b1,b1) € T{}). (8)

Since G¥, - V(GY,, ) is an inflation of a 3-colorable graph with inflation sizes at most by — by, it

>by
follows from Lemma 1 that x(G%, - V(G%,,,)) <3(b1 - b2). Thus, since H{' is a subgraph of GY, ,

>am

we also have x(H!" - V(G”, )) < 3(b; - by). Thus, combining optimal colorings of H{ - V(GY, )

2am 2am
and GY, n H{ using disjoint sets of colors for a coloring of Hy', we deduce that

x(HY{) < max({a +B+b;—3by | (o, 8) € S{}u{a+2by —3by | (a,b1,b1) € Ty U {3by - 3b2}). (9)

7
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Since, by part (c) of Step 1,
T2 =Tiv{(aj,aj,,b1) | (aj,a;,) € S1}u T u{(b1,b1,01)},
it follows that

X(HY') <max{o+ 8 +7v-3bz| (o, 8,7) € T2}, (10)

which means that (5) holds for i = 1.

Let I" denote the subgraph of G¥, corresponding to the edge-induced subgraph Gy, [E1] of
Gsp, . By Claim 2, each edge in Ej is a cut-edge of Gy, , and so, Gsp, [ E1] is a forest, in particular,
it is a 2-colorable graph and, hence a perfect graph. Thus, by Theorem 2, I” is a perfect graph,
and so the chromatic number of I is equal to the clique number of I”. This implies that

x(I") < max{a + 3 - 2bs | af-edge in E1}. (11)
Recall that Ej is the set of all af-edges in G, with (a, 3) € So. Thus,

x(I'") <max{a+-2bs | (a, B) € Sa}. (12)

Let J" denote the subgraph GJ, -V (Hy") -V (I") of G, . Note that any component in J"
corresponds to an isolated vertex of Gp, that is in Vj. Recall that V; is the set of all a-vertices in
Gsp, with o € As. This implies that the chromatic number of J” is at most

max{a; — by | a; € As}. (13)

Putting (10), (12), and (13) together and using Lemma 2, we may now deduce that (4) holds for
i =1 in the following way:

First we properly color the graph H{ with at most the number of colors in the right hand side
of (10). Then by using Lemma 2 for the edges of I", which correspond to edges of Fj, we may
properly color the graph H{' uI" using at most

max({a+ 8 +v-3b2 | (o, 8,7) € Ta} u{a+ B -2by | (o, B) € S2})
colors. Finally, we can color the vertices of J” using at most
max({a; - by | a; € Az})
colors. This completes the proof of the claim. O

We now prove that (4) and (5) hold in the general case.
Claim 6. The upper bounds (4) and (5) hold for any i € [n].

Proof of Claim 6. Our induction hypothesis is that the following holds:

X(G%,,) <max({a+B+7-3b; [ (a,B,7) € Ti}
@] {a+5—2bi|(a,6)e&}
U {aj - bz | (Lj € AZ}), (14)

and

x(H{ 1) <max{a+f+~v-3b; | (o, 8,7) € Ti}. (15)
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The basis for the induction was established in Claim 5. We are going to be using much the same
approach as in the proof of Claim 5. First we give an upper bound on x(GY,  n H]') and then
extend this to an upper bound on x(H]").

Recall that E; is the set of all a3-edges in Gy, with

(O[,,B) eSZ’+1 = (SZ \SZI) U {(’Yabl) |7€A:I}

and that V; is the set of all a-vertices v of Gy, with o€ A;y1 = A; N AL, Furthermore, we have that
H; =Gy, - E; =V, and H] is the subgraph of GJ, corresponding to H;.

Consider the graph Gs;,_, n H;. Since Aiyq € A; and Siyq1 € Siu{(7,b:) |7 € Al'}, it holds that
H; y ¢ H;, and thus H;_; is a subgraph of G, , n H;.

Suppose that e is an af-edge of F;_1. This means that («, ) € S;; also by Claim 2 there is no
af-edge on a cycle in Gy, ,. Moreover, by part (c) of Step ¢, (o, 8) € Sit1, and thus e € E;, unless
(a,B) € S, which by part (a) means that there is an a8-edge in a cycle of Gyp,. Hence e € E(H;)
if and only if (o, B) € S.

Now consider an a-vertex v € V;_1. Clearly, « € A;; also by Claims 2 and 4, there is no a-vertex
on a cycle of Gy, ,. Moreover, by part (c) of Step 4, a € A;,1, and thus v € V;, unless « € A}, which
by part (b) means that there is an a-vertex on a cycle in Gyp,. Hence v € V(H;) if and only if
ae Al

Now, any edge of F;_; is a cut-edge of G, ,, and any vertex of V;_; is an isolated vertex of
Gsb,, — Ei-1 (by Claims 2 and 4). So for the inflation GJ,  n H;" it now follows from (15) and by
applying Lemma 2 that

xX(G%, , nH]') < max({a+B+v-3b;| (o, 3,7) € Ti}
u{a+pB-2b;i|(a,B) €S/}
U{ay —b; |a, € AL}). (16)

Let us now prove the following;:

Subclaim 1. If a, € A}, then either (ay,b;,b;) in T;, or there is an o € {ay,...,am,b1,...,bi_1},
such that (ay,a) €8] or (o, ay) € S..

Proof of Subclaim 1. Suppose that a, is some element of A!. By part (b) of Step 4, a, € A;, and
so, by Lemma 3 (1), a, € A, for any ¢ <i. By Lemma 3 (2), a, ¢ Aj for any g <i. Thus i is the
minimum integer ¢ such that there is an a,-vertex on a cycle in Gy, .

Suppose that (ay,b;,b;) ¢ 7. Then it follows from part (b) of Step ¢ that there is an a,a-edge
e on a cycle in Gy, for some « € {a1,...,am,b1,...,b;_1}. We shall prove that (a,,«) € S or
(a,a,) € 8. Since there is an a,a-edge e on a cycle in Gy, for some « € {ay,...,am,b1,...,bi_1},
the desired result will follow from part (a) of Step i if we can prove that (a,,«) € S; or (a,a,) € S;.

Thus in the following we will argue that (a,, ) or (a,a,,) is in S;. We shall distinguish between
two cases: a€{ay,...,an} and e {by,...,bi_1}.

(i) Suppose a € {aq,...,am}. Then, at least one of the elements (a,,a) and (o, a,) must be in

Sy, since &1 =S and, by definition, S contains all ordered pairs (a;,a;) of A with a; > a; for
which there is an a;a;-edge in G.
Suppose (ay,a) is in S;. Assume that (ay,a) is not in S;. Then (ay,«) is included in S
at Step p of the algorithm for some p < i. By part (a) of Step p, this means that there is
an aya-edge on a cycle in Gyp,. This, however, is a contradiction to the fact that 7 is the
minimum integer ¢ for which there is an a,-vertex on a cycle in Gs;,. Hence (ay,a) € S;.

9



215 If (a,ay) € S, then a similar argument shows that (a,ay) € S;.

26 (ii) Suppose a € {b1,...,b;_1}, say a = b, for some p e [i—1].

217 The integer 4 is the minimum integer ¢ such that there is an a,-vertex on a cycle in Gy, and
278 thus G, has no cycle with an a,b,-edge. Moreover, by part (b) of Step p, a, is included in
279 A,. Now, by part (c) of Step p, (ay,bp) is included in Sp,1.

280 The rest of the argument goes along the same lines as in (i): Assume that (ay,bp) is not in S;.
281 Then (ay,bp) is included in S, at some step k of the algorithm for some integer k satisfying
282 p < k < 1. But this means that there is an a,bp-edge on a cycle in Gy, . This, however, is a
283 contradiction to the fact that ¢ is the minimum integer g for which there is an a,-vertex on
284 a cycle in Gyp,. Hence (ay,by) € S;. O
285 Subclaim 1 along with (16) implies

X(G%,_ nH) < max({a+pf+v-3b|(a,B,7)€Ti}
U{a+B-2b;|(a,B) €S/}
U {au_bi |au 677})7 (17)

286 It follows from Lemma 1 that any proper coloring of G, N H]’ can be extended to a proper
v coloring of H;" by using at most 3(b; — b;+1) new colors, because the graph H' - V(GY,  nH]') is
s an inflation of a 3-colorable graph with inflation sizes at most 3(b; — b;11). That fact along with
o (17) implies

x(H) < max({a+B+7=3bu1| (a,8,7) e Ty u{a+B+b;—3bis1 | (o, B) € S]}
U {a; +2b; = 3bis1 | (aj,bi,0:) € T7'}), (18)

2

@

2

@

2

@

200 Note that, since Tjp1 = T; U {(a, 8,b;) | (e, 8) € S/} u T/, (18) implies that (5) holds. By
201 Claim 2, every edge in Ej; is a cut-edge of Gsp,, so the edge-induced subgraph Gsp, [E;] is a forest,
> in particular, it is a perfect graph. Thus, by Theorem 2, the subgraph I’ of GY, corresponding to
s Gsp, [ Ei] satisfies

2

©

2

©

X(I") = w(Ij") <max{a + B - 2bis1 | (o, B) € Sy~ SjPu{a+b; - 2bis1 |a e AT} (19)

204 Finally, let J;" denote the subgraph GJ, - V(H]") - V(I["). Clearly, any component of J"

205 corresponds to an isolated vertex of Gy, that is in V;. Thus

©

x(J!") <max{a - b1 |ae A~ ALY (20)
206 Putting (18)-(20) together and applying Lemma 2 we now deduce that

x(G%,) < max({a+ B+ -3bi1 | (o, 8,7) € Tis1}
U{a+8-2bj1 | (o,B) €Sii1}
U{a—bijy | e A},

207 which implies that (4) holds.

208 It now follows by induction that (4) and (5) hold for every i € [n]. O
209 The statement of the lemma now follows from (4), since, as pointed out above, for any i € [n],
s00 the inequality (3) follows from (4). O
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Lemma 5. At the end of Step n, the sets Sp1 and A1 are empty.

Proof. We first consider the sets S1,...,Sp+1. According to the description of the algorithm, S;,1 is
constructed from S; at Step ¢ by removing any element («, 8) from S; for which there is an af-edge
on a cycle in Gy, and adding any element («,b;) for which

(1) Q€ -Az
(ii) there is an ab;-edge of Gp,, and

(iii) there is no ab;-edge on a cycle in Gy, .

Note that by part (b) and (c) of Step 1,...,7, o is in A; if and only if a € {ay,...,an} and there
is no a-vertex in a cycle of Gyp,. Since G is 2-connected, every edge (and vertex) of G lies on a
cycle in G, and since G = G, , this means that S, is empty.

According to the description of the algorithm, A;,1 is constructed from A; at Step i by removing
any element a; from A; such that there is an aj-vertex that lies on a cycle in Gyp,. Again, since G
is 2-connected, any vertex of G = G, lies on a cycle, which implies the desired result. O

Lemma 6. For each («,3,7) € Tn+1, G' contains a complete minor of size o+ 3+ .

Proof. By Lemma 3 (3), 71 € T2 € -+ € Tp41. Let j be the minimum integer such that (o, 3,7) € 7;.
By the definition of 7; in part (c) of Step (j —1), (o, 3,7) must be in one of the sets

{(,8",0j1) | (o, 8") € 51}

and 77 ;. Moreover, by the definition of these sets in part (a) and (b) of Step (j - 1), v is not
greater than a or f.

Suppose (a, 8,7) € {(/,',b;-1) | (', 8") € S]_;}, that is, (a,8) € S;_;. Then, v = b;_; and
there exists an a8-edge on a cycle C' of Gp,_,. The inflated cycle in G;bj_1 corresponding to C' can
be contracted to a complete graph on « + 3 + bj_; vertices, and so n(G’) > a+ 3 + 1.

Now suppose (a, 8,7) € T;_;. Then, by definition of 7/ ;, we have 5 =+ =b;_1 and a € A} ,,
that is, there is an a-vertex on a cycle C' in Gp,_,. The inflated cycle in G;bj_1 corresponding to C'

can be contracted to a complete graph on « + 2;_1 vertices, and so n(G') > a+ 3 +1. O

By Lemma 4 and 5, x(G') < max{a+8+7 | («, 3,7) € Tn+1}, and so, by Lemma 6, n(G") > x(G).
Thus, G’ is not a counterexample to Hadwiger’s Conjecture, and we have obtained a contradiction
from which the theorem follows. O

Algorithm 1 together with the proof of Lemma 4 can be used to produce a proper coloring ¢ of
any inflation of any 2-connected 3-chromatic graph such that the number of colors used in ¢ is at
most max{a+ B+ (a,3,7) € Tn+1}. (The case when the graph is not 2-connected can be handled
by Lemma 2.) Since a triple (a, 3,b;) is in 7,1 at Step i of the algorithm, where j <4, if and only
there is an a-vertex and a f-vertex in G that are adjacent and lie on a cycle C' of G, which satisfies
that every vertex in C is replaced by a clique of size at least b; in G’, we in fact have that the
number of colors used in ¢ is at most

max{a +  + 7 | there is an af-edge in G that lies on a cycle where

every vertex is replaced by a clique of size at least ~v}.
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