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Let m, s be two given real numbers, with 0 ≤ s < m < n
2
. Let Ω ⊂ Rn

be a bounded smooth domain. Denote by 2∗m = 2n
n−2m

the critical Sobolev
exponent for the embedding Wm

2 ↪→ Lq.
We study equations

(−∆)mDu = λ(−∆)sDu+ |u|2∗m−2u in Ω, (1)

(−∆)mNu = λ(−∆)sNu+ |u|2∗m−2u in Ω. (2)

Here fractional Laplacians (−∆)mD and (−∆)mN (Dirichlet and Navier, respec-
tively) are self-adjoint operators defined by their quadratic forms:

QD
m[u] ≡

∫
Ω

(−∆)mDu · u dx :=

∫
Rn

|ξ|2m|F [u]|2 dξ ,

QN
m[u] ≡

∫
Ω

(−∆)mNu · u dx :=
∑
k∈N

λmk (u, ϕk)2,

respectively. Here F stands for the Fourier transform while λk and ϕk

are eigenvalues and (normalized) eigenfunctions of conventional Dirichlet–

Laplacian in Ω. The domains of quadratic forms satisfyDom(QD
m) = H̃m(Ω) ⊂

Dom(QN
m), where H̃m(Ω) = {u ∈ Wm

2 (Rn) : suppu ⊂ Ω}.
Theorem. Let s ≥ 2m − n

2
. Then each of problems (1) and (2) has a

nontrivial weak solution for arbitrarily small positive λ.

The case s = 0 and m integer or m ∈ (0, 1) was considered earlier in a
number of papers beginning with the celebrated paper of H. Brézis and L.
Nirenberg, 1983 (for m = 1).

An important auxiliary result of independent interest is coincidence of
sharp Sobolev constants for Navier and Dirichlet fractional Laplacians.

This talk is based on a joint papers with Roberta Musina, see [1], [2], [3].
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